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1 Introduction

These lectures are intended to provide a review of the basic physics necessary
for the interpretation of high resolution soft X-ray spectra of astrophysical
sources. While many of the topics I discuss can be found at the requisite
level of sophistication in standard textbooks on atomic physics and spec-
troscopy (e.g. [1]), I have made an attempt to highlight those aspects which
are especially important for X-ray transitions, and which are relevant at the
characteristic temperatures and densities typically found in various types of
X-ray emitting astrophysical plasmas.

My emphasis is on discrete atomic transitions, which dominate the spectra
of most cosmic sources in the soft X-ray band (100eV < E < 10keV). I do not
discuss basic continuum processes like bremsstrahlung, synchrotron emission,
and inverse Compton emission, as these are covered well in the usual texts
used to introduce students to radiative processes in astrophysics (e.g. [2]).

In general, I avoid long derivations, concentrating instead on the key phys-
ical ideas that underlie the various formulas, and especially on the definition
of terms that appear frequently in the atomic physics literature. The level is
intended for advanced undergraduates and beginning graduate students with
little or no background in X-ray spectroscopy. While I do assume a rudimen-
tary familiarity with the basics of classical and quantum physics (typical of
the preparation one would receive as an undergraduate physics major in an
American university), the lectures are self-contained, and were designed to
provide a suitable introduction to this field without the need for extensive
consultation of other source materials.

The organization is as follows: in the remainder of this initial chapter,
I provide a brief introduction to the role of X-ray spectroscopy in astro-
physics, and the physical conditions in various types of cosmic X-ray sources.
Chapters 1 through 3 cover the essentials of atomic physics: classical and
quantum radiation theory, atomic structure, and electron-ion collisional
processes, respectively. In Chap. 4, I discuss the various types of equilib-
ria that apply in astrophysical plasmas, and in Chap. 5, I provide a relatively
brief review of the most important discrete-line spectral diagnostics that fall
in the soft X-ray band. Chapter 6 includes a set of concluding remarks and
some thoughts on where this field might be headed in the future.
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1.1 The Role of X-Ray Spectroscopy in Astrophysics

X-ray astronomy is not a “new” field of research. Most practitioners date

its inception to the serendipitous detection of the very bright binary X-ray
source, Scorpius X-1, in June of 1962 [3]. That momentous discovery proved
that cosmic systems could be copious X-ray emitters, and that observations in
the X-ray band could provide new insights into astrophysical phenomena that
could not be gleaned from observations at longer wavelengths. In the ensuing
forty years, this field has grown to become one of the major disciplines of
observational astrophysics. Hundreds of thousands of discrete sources of X-
ray emission have been detected, covering nearly all classes of astrophysical
systems.

Until very recently, however, real X-ray spectra of astrophysical sources,
with sufficient resolution and sensitivity to enable the investigation of indi-
vidual atomic features, had been largely unavailable. This was principally
due to instrumental limitations. Since cosmic X-ray sources are exceedingly
faint (typical fluxes for sources of interest are ~10~3 phot cm =2 s7! keV 1),
early experiments required large area detectors with very high efficiency for
photon detection. Gas proportional counters were the instruments of choice.
In the soft X-ray band, the spectral resolution achievable with such devices
is extremely limited: E/AE ~ few. While the data obtained with those ex-
periments did provide some measure of the overall shapes of cosmic X-ray
spectra, they could not be used to derive any real constraints on physical
conditions in source emission regions.

The situation improved significantly in the mid 1990’s with the launch
of the ASCA Observatory. This was the first mission to incorporate charge-
coupled device (CCD) detectors at the focus of an X-ray telescope. The en-
ergy resolution of CCDs is roughly an order of magnitude better than that
achievable with proportional counters. That enabled the detection of broad
“humps” in the spectra, which could loosely be identified with complexes
of emission lines from particular ions. Yet detailed spectral constraints could
still only be derived from model fits to the spectra — even CCD resolution was
insufficient to allow for direct interpretation of the intensities of individual
features. Hence, the true power of spectroscopy had still not been realized.

Shortly before these lectures were delivered, however, the National Aero-
nautics and Space Administration launched the Chandra X-ray Observa-
tory (June 1999), and the European Space Agency launched the XMM-
Newton Observatory (December 1999). These two magnificent space mis-
sions both incorporate diffraction grating spectrometers, with resolving pow-
ers E/AE > 200 across most of the soft X-ray band. They have collectively
provided the first high resolution X-ray spectra of a wealth of astrophysical
sources. This has created a revolution in this field, whose significance, even as
of this writing two years later, is still continuing to be appreciated. In some
cases, the data have provided striking confirmation of existing astrophysical



Soft X-Ray Spectroscopy of Astrophysical Plasmas 5

models. In others, they have presented significant challenges to our basic
understanding of the sources involved.

Why is soft X-ray spectroscopy an important tool for astronomy?

There are several unique features of the soft X-ray band that play a role.
First, X-ray emitting gas is often the “key” component of the astrophysical
system. For many objects (e.g. elliptical galaxies, clusters of galaxies), the vir-
ial temperature, kT ~ GMm, /R, lies in the range 105-10% K, where most of
the emission comes out at soft X-ray energies. In others (e.g. supernova rem-
nants, binary sources), shocks heat gas into the same temperature regimes.
Second, the conventional soft X-ray band (0.1-10keV) is unusually rich in
discrete spectral features. The K-shell transitions of carbon through iron, and
the L-shell transitions of silicon through iron fall in this range. In contrast
to other wave bands, all charge states are visible in a single X-ray spectrum.
This makes the interpretation of the spectrum relatively unambiguous. For
example, one can derive relative elemental abundances without invoking any
assumptions about the thermal state of the gas. Finally, because of the high
radiative decay rates of X-ray transitions, astrophysical emitting plasmas are
generally not in local thermodynamic equilibrium. This means that the de-
tails of the observed spectra depend on the explicit mechanisms by which the
levels are populated. While that can occasionally lead to complications in
the interpretation of the data, it also implies that they are quite sensitive to
physical conditions in the source. Hence, X-ray spectra have high diagnostic
utility.

Astrophysical X-ray spectroscopy can also be of interest as a probe of
fundamental physics issues in unusual environments. In particular, cosmic
plasmas can achieve extremely low densities, n, < 1073 cm ™3, orders of mag-
nitude below the densities found in the best vacuum obtainable in a labora-
tory. At such low densities, radiative decays from very long-lived metastable
levels are important. In addition, the time scales for equilibration can be
very long in comparison to the lengths of our observations. This means that
for some sources, the emitting plasmas appear “frozen” in non-equilibrium
states. Finally, given the vast physical scales characteristic of astronomical
systems, we can find interesting examples of non-negligible optical depth for
exotic absorption and scattering processes.

1.2 Characteristics of Cosmic X-ray Sources

An extensive review of the general science of X-ray astronomy is well beyond
the scope of these lectures. However, I believe it is useful, in this introduc-
tory chapter, to provide a very brief accounting of physical conditions in the
various types of cosmic X-ray sources we are studying with our spectroscopic
experiments. More complete discussions of all of these topics can be found in
a series of conference proceedings that have appeared within the past year [4].
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General introductions to X-ray astronomy, suitable for non-specialists, have
been written recently by Schlegel [5] and Tucker & Tucker [6].

Late-Type Stars

X-ray emission from late-type stars (stars of spectral type F, G, K and M) is
believed to be produced in coronae, tenuous collections of hot gas confined by
magnetic field lines above the stellar photospheres. The best known example,
of course, is the solar corona, which was first detected in X-rays by a rocket
experiment in 1951. The X-ray luminosity of the quiescent solar corona is
~2 10%" ergs™!, which is only of order a part in a million of the total solar
luminosity. The characteristic temperature is ~2 106 K, and the characteristic
electron density is ~10° cm™3. However, the Sun turns out be a rather weak
X-ray source. More active late-type stars exhibit X-ray luminosities as high as
1032 ergs~!, with temperatures ~several 107 K, and densities that can reach
10 cm~3. Coronal plasmas are optically thin to photoelectric absorption,
although line optical depths for the highest oscillator strength lines can be
greater than unity. Most active stars exhibit flares, which can increase the
luminosities by three to four orders of magnitude on time scales of minutes to
hours. There are many issues associated with the formation and energization
of stellar coronae that are still poorly understood, making this an active area
of research.

Early-Type Stars

Massive early-type stars (spectral types O and B) do not possess the outer
convective zones believed to provide the dynamo necessary to generate stellar
coronae. On the other hand, these stars possess massive, radiatively driven
stellar winds, with mass loss rates ~107% M per yr. X-ray emission from
these systems is believed to arise in shocks in the wind, driven by inhomo-
geneities resulting from both thermal and dynamical instabilities. Typical X-
ray luminosities are ~103! ergs™!, with characteristic temperatures ~ several
108 K. Since the wind is dense (n, > 10'* em™3), and far from fully ionized,
the overlying photoelectric opacity is significant. However, the shocks are be-
lieved to be distributed throughout the wind, so the absorption structure can
be quite complex. Emission lines arising from this gas should exhibit velocity
broadening with characteristic velocity widths of several 103 km s~!.

Supernova Remnants

Supernovae are cataclysmic stellar explosions which drive high temperature
blast waves in the surrounding interstellar medium. There are essentially two
varieties. Type 2’s which result when massive stars exhaust their nuclear fuel
and implode, and Type 1a’s which result when white dwarf stars accrete mate-
rial from their binary companions, causing their masses to exceed the critical
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“Chandrasekhar limit” (~1.4 Mg) — the maximum allowable for hydrosta-
tic stability. In both cases, ~10°9-10°! erg of kinetic energy is transferred to
the outer layers of the star, which expand into the neighboring environment.
Shock waves form in both the stellar ejecta and the surrounding interstellar
gas, with initial temperatures ~ few 108 K. These shocks radiate brightly
at X-ray energies for > 10* yr. As the remnant expands, the temperature
drops, roughly as the third power of the radius. The X-ray emitting gas can
have a range of densities, from 1072 to 10! cm~3. At such low densities, the
time scale for ionization balance to be achieved can exceed the age of the
remnant, implying that the plasma may be well out of equilibrium. Despite
the very large length-scales involved, the density is low enough that the gas
is optically thin to both line and continuum radiation.

X-ray Binaries

Nearly half of all stars in the sky are in binaries, i.e. gravitationally bound
two-star systems. Stars of higher mass evolve faster, eventually collapsing to
form a “compact object” (white dwarf, neutron star, or black hole). Hence,
binary systems can form where one member is compact, and the other is
relatively normal. If the binary separation is sufficiently short, these systems
exhibit mass transfer, wherein the normal star loses mass that is subsequently
accreted by the compact companion. Infall into the deep gravitational poten-
tial well characteristic of a compact star, shocks the accreting material up to
high temperatures, causing these systems to be copious X-ray emitters. For
a white dwarf, ~107* of the rest mass energy of the accreting matter may
be released in the form of X-radiation. For a neutron star or black hole, the
fraction can be much higher, approaching 20%, leading to X-ray luminosities
as high as 10%® ergs™1!.

There are two possible modes of mass transfer. If the companion is an
early type star, it may have a significant stellar wind, some of which will be
gravitationally captured by the compact object. Such systems are called “high
mass X-ray binaries” (HMXBs). On the other hand, if the companion has low
mass, but expands to fill the critical equipotential surface that connects to
the other star (the so-called Roche lobe), material can flow freely through an
inner Lagrange point and fall inward to the compact star. This process is
called Roche lobe overflow, and the resulting X-ray sources are called “low
mass X-ray binaries” (LMXBs). If the compact star is a white dwarf, instead
of a neutron star or black hole, the source is called a “cataclysmic variable
star” (CV).

The fate of the accreting material is not well understood, and probably
varies from source to source. Since it is far easier to dissipate energy than
angular momentum, it is thought that the flow should settle into a thin
accretion disk, with the matter moving in near Keplerian orbits. Some form of
viscous interaction between neighboring “rings” allows angular momentum to
be transferred out, thereby enabling accretion to proceed, either continuously,
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or episodically. Most of the X-radiation is released down near the surface of
the compact star (or in the case of a black hole, near the event horizon).
Because the material is nearly fully ionized, and the Compton depths are
non-negligible, the emergent flux is radiated primarily as a continuum, with
characteristic photon energies of order a few keV. However, the transfer of this
intense continuum outward through the circumsource medium can generate a
wealth of discrete features. The irradiated environment is likely to be severely
photoionized, with the energy density in the radiation field nearly four orders
of magnitude higher than the thermal kinetic energy of the gas.

Active Galactic Nuclei

The term “active galactic nucleus” (AGN) refers to an intense source of
radiation emanating from a compact nuclear region at the center of a galaxy.
The first “quasi-stellar objects”, or quasars, were discovered in the early
1960’s. Spectra of these sources indicated significant redshifts, implying large
distances, and thus very high luminosities, comparable to that of an entire
galaxy. In addition, observed short-term variations in the emission suggested
that the emitting regions must be compact, with characteristic dimensions
comparable to the size of our solar system.

There is a rich variety of empirical phenomena associated with AGNs,
leading to the definition of numerous “classes”, however it is generally be-
lieved that most of these can be understood in terms of a grand unified model,
wherein a supermassive accreting black hole is surrounded by an obscuring
torus of optically thick material, oriented in the equatorial plane. Accretion
onto the black hole generates X-radiation, as well as relativistic jets along
the spin axis. If our line of sight is oriented above the plane of the torus,
we get a direct view of the black hole and the source is bright in X-rays.
Such systems are called Seyfert 1 galaxies if they are radio-quiet, or Type 1
quasars if they are radio-loud. If our line of sight is oriented along the plane,
the central source is obscured, and the soft X-ray emission we see is mainly
reprocessed radiation emanating from the circumsource environment. These
are called Seyfert 2 galaxies (radio-quiet), or Type 2 quasars (radio-loud).
Finally, if our line of sight is oriented along the jet, the observed emission is
greatly enhanced by relativistic beaming. These systems are called BL Lac
objects, or more generally, “blazars”.

Our understanding of the accretion process in AGNs is even less well-
developed than for X-ray binaries. However, it is believed that similar phys-
ical processes must be involved. There is some evidence for the existence
of relativistically broadened X-ray emission lines in these systems, which
could be produced in the inner most regions of the accretion disk around
the black hole. If this interpretation is correct, X-ray spectroscopy of AGNs
may provide us with one of our best observational handles on the physics of
ultra-strong gravitational fields. For the Seyfert 2 systems, the obscuration
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of the central source affords a relatively “clean” view of the surrounding pho-
toionized gas. Soft X-ray spectra of these systems are rich in discrete spectral
features.

Clusters of Galaxies

Clusters are massive collections of galaxies that have formed relatively re-
cently via gravitational collapse as the universe has expanded. They are
gravitationally bound systems, with most of the mass in the form of dark
matter that only interacts weakly (if at all) with ordinary baryonic matter.
The richest, most evolved clusters contain hundreds of members, centered on
a central dominant galaxy. The intracluster medium is filled with hot gas,
in rough hydrostatic equilibrium with the dark matter gravitational poten-
tial. Characteristic temperatures are in the range 107102 K, so that the gas
radiates mostly at X-ray energies. Electron densities are ~1072cm™3, and
typical X-ray luminosities lie in the range 10*3-10% ergs~!. Even at such
low densities, the cooling timescales appropriate to this gas are often signif-
icantly less than the age of the system, especially at the cluster core. This
leads to the expectation that gas should continually be cooling out of this
medium, perhaps eventually forming stars in the central galaxy. Curiously,
however, recent X-ray spectra suggest a deficit of low temperature gas pre-
dicted by this scenario. The intracluster media should be mostly optically
thin to continuum absorption, but can exhibit non-negligible optical depth
for scattering of bright emission lines.

2 Classical and Quantum Radiation Theory

2.1 Introduction

In this chapter, I review the essential components of classical and quantum
radiation theory. I assume that most of the material will be very familiar to
the reader from undergraduate (and perhaps graduate) coursework in elec-
trodynamics and elementary quantum mechanics. Nevertheless, I believe it is
useful to offer this quick review so that we have the relevant formulae ready
at hand for reference in later discussions. You might expect that classical ra-
diation theory should find very limited application in a discussion of discrete
radiation from atoms, but as I will show, it does provide a quick means of
deriving order of magnitude estimates for a number of important processes.
In addition, I find it pedagogically useful to discuss the classical and quantum
formulae in a unified context. This is rarely done in textbooks, which makes
it difficult to follow where and when quantum ideas are important.

In this, and all subsequent chapters, I utilize the CGS system of units.
Although this is going out of fashion in most fields of physics (where SI units
have indeed become standard), it is still common practice in astrophysics.
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In addition, the fundamental equations of radiation theory take on a simple
and more elegant form in CGS units. In this system, the unit of charge is the
esu, defined such that Coulomb’s Law for the attraction between two point
charges, g1 and g5 is:
q192 .

F(r)= TTT ) (1)
where 7 is the vector separation between them and # the unit vector pointing
in the 7 direction. Thus, 1 (esu)? = 1 erg cm. In this system, the electric and

magnetic fields, E and B, have the same units, usually expressed as gauss.

2.2 Overview of the Classical Equations

We start with the governing equations of electromagnetism, specifically
Mazwell’s equations:

V- -E =4np, V-B=0, (2)
10B 47 10F
E---22 B="4-%%

v x c Ot ’ v x c'7+cé9t (3)

which relate the spacetime derivatives of the electric and magnetic fields to
each other and to the charge and current densities of the medium, ¢ and 7,
respectively. In addition, the Lorentz force law:

1.
fZQE'f'EJXB (4)

relates the force density on a charged volume, f, to the fields and the charge
and current densities. Due to the conservation of electric charge, p and 3 obey
a continuity equation:

do .
a+V’]—O. (5)

It is useful to define also the scalar and vector potential functions, ¢ and A,
respectively, which are related to the fields by:

B=VxA, (6)
10A
E=-Vop———. 7
Y (7)
Equations (6) and (7) do not define ¢ and A uniquely. To make the definitions
unique, we need to further specify a gauge. For radiation theory, it is most
convenient to adopt the Lorentz gauge:
10p

A+ =
VAt -5 =0 (8)

Substitution into Maxwell’s equations yield:
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1 02
(V2 - CQatQ) p = —4mo, )
1 9 ar
(VQCQatQ)A—CJ' (10)

which relate the potentials to the charge and current densities. These equa-
tions have solutions of the form:

wa)z/ﬁ%ﬂﬁﬁwi%Mﬂ—umeH, (11)
A(r,t) = /d%’dt’Mé[t’ —tp(r t, )] (12)

where ¢, is the retarded time, defined by:
t,=t— [r=r| . (13)

C

Differentiation of the right-hand sides of (11), (12) according to (6), (7) yields
the electric and magnetic fields associated with arbitrary time-varying charge
and current distributions. We return to this shortly.

2.3 Electromagnetic Waves

In charge-free space, Maxwell’s equations (2), (3) give rise to wave equations
for both the electric and magnetic fields:

167

which have plane-wave solutions written in the form:

E = Egeikr=et) (16)
B = Byelkm—wt) (17)
where
w = ke, (18)
k-Ey =k -Bo=0, (19)
kxEongo, (20)
kagz—%Em (21)
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the waves are transverse, and the fields have equal magnitudes. The first
(18) requires that electromagnetic waves travel at the speed of light in the
vacuum. The energy flux associated with electromagnetic waves is given by
the Poynting vector:
c
S=—FExB 23
gy (23)
which has units of ergcm™2s7! in the CGS system. For the plane-wave so-
lutions (16), (17), (18)—(22) imply that the real part of the Poynting vector
is given by:
~c
St)=k— | E{t)|* . 24
() =h" | B (24)

The plane waves described above are monochromatic. Since the wave equa-
tions are linear, however, arbitrary linear combinations of plane-waves also
provide solutions. In general, we are interested in the frequency dependence
of the radiation, which can be assessed by taking the Fourier transform of
the electric field:

Ew) = % [ h E(t)e™'dt . (25)

Parseval’s Theorem for Fourier transforms requires:

/Oo | E®) \2dt:27r/oo | B(w) |2dw:47r/oooE(w) 2ds  (26)

— o0 — 00

(Since E(t) is real, E(—w) = E(w)). The energy in the radiation per unit
area is given by:

d oo o0 -
—W :/ S(t)dt = c/ | E(w) |2 dw (27)
dA —00 0

so the energy per unit area per unit frequency is:

aw
dAdw—c|E(w)| . (28)

2.4 The Classical Multipole Expansion

As for the electric field, we can take the Fourier transform of the charge,
current density and vector potential:

~ — 1 > iwt
g(r,w) = % - Q(rv t)e de ’ (29)
= 1 < iwt
J(T7w) = % _OO.](T7t)e dt ) (30)
Alr,w) = S A(r,t)e™tdt . (31)

27 J_ o
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Using (12) and (13) we get:
N B 1 5 /.7(7' w) ik|lr—r’|
A(r,w)—c/d =77 (32)

where k = w/c. If we are interested in the character of the radiation far from
the charge distribution, then | r [>>| 7' |, so that | r — ' |~ r — 7 - 7/, where
n is the unit vector pointing in the direction . We thus obtain:

ikr

Ar,w)~ S

/ B w)e= k) | (33)

The classical multipole expansion involves a Taylor expansion of the complex
exponential inside the integral in (33), assuming that k(% - ') < 1. To see
why this might be valid, note that:

k(f-7) ~ Rw/c~uv/c (34)

where R is the characteristic dimension of the charge distribution, and v is a
characteristic velocity of the oscillating charge. Thus the multipole expansion
is justified in the limit that the charge motions are non-relativistic. The lowest
order term is obtained by setting the complex exponential equal to unity. We
are then left with a simple integral of the Fourier transform of the current
density which can be rewritten in terms of the dipole moment of the charge
distribution, d(w)

/d%’j(rﬂw) =— /d3r'(V' )T = —ikc/d?’r’@(r’,w)r'
= —iked(w) . (35)

We thus refer to this term as the electric dipole or (E1) term. Expressions for
E and B in the electric dipole limit can be found by taking the appropriate
derivatives of A. Then, converting back to the time domain, we obtain:
1 .
E(r,t) = %[n x (N x d(tr))] (36)
where d(t,) is the second time-derivative of the electric dipole moment eval-
uated at the retarded time. The Poynting vector is:

| d|? sin?0

c
S=—|E]?h=
47r| "7 4mr2ed

(37)

Integrating over the surface of a sphere of radius r yields the total energy
radiated per unit time:

_ 200 21d P
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For a single, accelerating point charge, this reduces to the well-known Larmor
formula:
dw 2 q*a?
dt 3 ¢3
where a is the acceleration of the charge.
For non-relativistic motions, the electric dipole term will dominate when-
ever it is non-zero. If it is zero, however, the next highest term will be im-
portant. In that case, the relevant integral in (33) is:

/ B3, w) (- ) (40)
which can be “broken” into two parts:
Y ~ ! 1 N / 1% A 1 A / 1% A
30 @)1 =5 i) =G )| + 5 (i) G eR)] ()
The integral of the first term on the right-hand side of (41) can be shown to

be related to the magnetic dipole moment of the current distribution:

1

flw) = o / Er'r’ x j(r' w) (42)

(39)

while the integral of the second term is related to the electric quadrupole
tensor of the charge distribution:

Qw) = /d3r' [37"1" - 7‘/21} o(r',w) (43)

where [ is the identity tensor. The radiated power for the magnetic dipole
term is:
dW 2| |2
dt 3 3
For the electric quadrupole term, the integral over solid angle depends on the
explicit form of the quadrupole tensor, but the radiated power is proportional

(44)

to |Q|? /¢®. Note that for an oscillating charge distribution:

. 9 . @ 9
dl~qRe? | ji |~ B (L) w (45)
and
Q| ~ qR*w® . (46)
Taking Rw ~ v, we find:
AW  Pw 3
w "7 \z (E1), (47)
dW  Pw 5
w "7 \z (M1), (48)
dW  Pw 5
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So the (M1) and (E2) terms are of the same order and are both down from
the (E1) term by a factor ~(v/c)?, where v is a characteristic velocity of the
charges.

2.5 The Classical Oscillator

An important application of classical radiation theory, and one that proves
useful in understanding radiation from atoms, is the classical harmonic os-
cillator, in which the acceleration of the charge is given by:

&= —wiz (50)

where x is the position of the oscillating charge, and wq is the oscillation
frequency. However, since an oscillating charge radiates energy, there must
be a damping force associated with the radiation, which gradually reduces the
amplitude of the oscillation to zero. This is called the “radiation reaction”.
We can approximate it by noting that the power dissipated by the drag force
must agree with the Larmor formula for the radiated energy. That yields:
2¢% ... - 2¢° 2

i~ Wl (51)

Farag® 352735

so the equation of motion becomes:

4+ T +wiz =0 (52)
where 0 2,2
q Wy

r== 53

3 e (53)

and m is the mass of the charge. The solution has the form:

x(t) = xoe 2 cos(wot + @) | (54)

and thus the Fourier transform of the electric dipole moment (d(t) = qx(t)),

becomes:
Zo 1

- 2

dw) = ¢* (12) :

| dfw) | q(%» (W — wo)2 + (1/2)2
The radiated spectrum in the (E1) limit is given by:

dw ST wt - 1 /27
W3 AW P <2’“':”° 2) {(w—wo)éﬁ-(F/Q)Q - (9

Here 1/2 k|zo|*> (k = mw? is the “spring constant” of the oscillator) is

the initial energy of the oscillation, and the term in brackets describes a

Lorentzian line profile, centered at wg, with width equal to I'. Note that:
_Am q*v3

1
Av = %Aw = 3 3 (57)
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and )
c 4m q
A = —— (58)

AN =
Vg 3 mc?

is a constant, independent of frequency or wavelength. This is the classi-
cal natural line width for electric dipole transitions. For an electron, A\ =~
1.210~* A. For the soft X-ray transitions we are concerned with in this lec-
ture, A ~ 1 — 100 A, so the natural width is nearly always a very small
component of the line broadening. The time-averaged radiated power of the
classical oscillator is:

AW 1¢°wq | ao ?

dt 3 c? '
Since the initial energy, Wy = 1/2 k|xo|? = 1/2 mwi |z |2, the classical
radiative decay rate is given by:

(59)

dW/dr) 2 g%w?
Wy, 3 me3

A=t (60)
which turns out to be equal to the damping constant, I'. In terms of the
linear frequency:

- 87'('2 q2

Ay = 7$u2 ~ 251072y 7! (61)
for an electron, where v is in Hz. Note that in the X-ray band, where v ~ 106
10'® Hz, radiative decay rates are extremely fast, ~10'°-10'*s~!. This has
an important effect on level populations for X-ray emitting plasmas, as we
will see later.

The discussion above pertains to spontaneous emission. To model induced
processes, like photoexcitation, we must consider driven oscillations, where
there is an applied force due to an incoming wave, given by: F,, = ¢Eqe™".
The equation of motion is now that of a damped, driven harmonic oscillator.
The time-averaged radiated power for this case becomes:

AW ¢' | B ] w!

= . 2
dt 3m2cd (w2 —w3)? + (Iwp)? (62)

Since the time-averaged incident energy flux in the wave is <. >= ¢/87|Ey|?,
the cross-section for scattering is:

dWw/dt 8 4 4
o(w) = WV/dt_ 8 4 2 . (63)
<S> 3 m2ct (w—wp)?+ (I'/2)2
In the vicinity of line center: w? — wZ ~ 2wp(w — wp), so this becomes:
2722 /2
o(w) =1 /2n (64)

me  (w? — w)? + (Fwp)?
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where we have used our earlier expression for I'. The scattering cross-section
again has the Lorentzian line profile with width in angular frequency equal
to I'. Integrating over frequency yields:

/0 ~ o(w)dw = 2 /0 " o)y = (65)

o) = "L o). (66)

where p(v) is the normalized line shape (it may have other components asso-
ciated with Doppler broadening, etc.). Note that the coefficient is independent
of frequency. For an electron, it has the value: me?/mc = 2.71072 cm? Hz.

2.6 Quantum Radiation Theory — Overview

We now turn to the quantum theory. There are two fundamental differences
between the classical and quantum treatments of the interaction between
radiation and matter:

— In quantum mechanics, charge configurations are expressed in terms of
quantum “states”. Radiative interactions involve an exchange of energy
and momentum, so they are associated with a change of state. The only
stationary quantum states are the eigenstates of the Hamiltonian, which
is the operator associated with the energy of the system. The rates for var-
ious processes therefore involve quantum “matrix elements” of the form
(f | Hyaa | 1), where f represents the final state, 4 the initial state, and
H .44 is the perturbing Hamiltonian associated with the radiation field. In
the classical picture, charges radiate when they are accelerated. Acceler-
ation requires an external applied force, which can be identified with the
perturbing Hamiltonian.

— In the quantum treatment, the radiation field is described in terms of
discrete particles or “photons”. The energy of an individual photon is £ =
hw = hv, where h is Planck’s constant, and has the value 6.626 10727 erg s.
The momentum of a photon is given by p = hk = (hw/ c)/%, directed along
the direction of propagation. Photons are spin 1 particles, and therefore
the emission or absorption of a photon changes the angular momentum
of the system by one unit of A.

The key rates and cross-sections for various radiative processes follow from
time-dependent perturbation theory. We begin with the time-dependent
Schroedinger equation:

L oY)
H =ih———.
| ¥) = ih— (67)
The energy eigenstates satisfy:

H|+vg)=E|¢E) (68)
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and therefore have a time dependence given by:

| e (b)) =| Yg)e PN (69)

Let the total Hamiltonian contain a dominant “unperturbed part” and a
small additional “perturbing part”:

H=H+H (70)

and let | n) represent a complete set of energy eigenstates of H%. An arbitrary
state | ¥(¢)) can be expanded in terms of these energy eigenstates:

[9(1)) = anlt) | n)e™Fnt/m (71)

Substituting into (67) and taking the scalar product with a specific energy
eigenstate (k | to both sides, then yields the differential equation:

. aa’k - / Wit
ih— *;an“ﬂw | nye (72)

where wy, = (Ey — E,)/h. Here, we have used the fact that the energy
eigenstates are orthonormal: (k | n) = 0y ,. Suppose the system is initially
in state “m”, so that ax(0) = 0y . Then, to lowest order in the perturbing
Hamiltonian, the coefficients a, at some later time are given by:

t
ar(t) = (ih)~! / (e | H'(t) | mpeientdt (73)

0
For application to radiation theory, we are interested in perturbations which

are oscillatory in time: ,
H'(t) = H'e*™" (74)

where w is some angular frequency. Thus:

ar(t) = (ih) "YWk | H' | m) /0 el@rmE@)tqy (75)

The probability at time ¢ that the system has made the transition from “m”

to state “k” is given by | ax(t) |2. The transition rate, R, is thus given by:
12 2
R= umtww = hi; | (k| H | m) |2 6(wim + w) (76)
2
= S [ k| H' |m) [2 8(By = By £ ) - (77)

This last expression indicates that the transition is possible only if the change
of state is accompanied by the emission or absorption of a single photon with
energy equal to the energy difference between the states. Note that this is a
first order perturbation result. Multi photon processes occur via higher order
terms in the perturbation expansion.
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2.7 The Radiation Hamiltonian

The appropriate Hamiltonian to use for the interaction between charged par-
ticles and electromagnetic fields is derived from the formalism of classical
mechanics. Defining a Lagrangian of the form:
L5 q
L=-mv’—qp+-A-v (78)
2 c
where ¢ and A are the classical scalar and vector potentials, respectively,
and applying Lagrange’s Equation:

d (0L oL

— (=)= = 79

dt (81") or’ (79)
we arrive at the desired Lorentz force law for the electromagnetic force on a
single charge:

FEm’i):qE—i—%xB. (80)
The canonical momentum of the particle is defined by:
oL qA
=— = —. 81
P=T%r =" + c (81)
The Hamiltonian is then:
1, 1 q \2
H=p-v—L=-mv +qu:—(p—fA> +qp . (82)
2 2m c

It is the canonical momentum p that we associate with the quantum mechan-
ical operator (%/7)V. Substituting into (82) yields:

¢
2mc?

h2 ik iqh
H=—— v+ 2v.a)+4

2U0A
2m me mc( V) +

A4 qp.  (83)

For an electromagnetic wave, ¢ = 0, and therefore, in the Lorentz gauge,
V - A = 0. The term involving A? is small compared to the first order terms
in A, so we ignore it. In addition, there may be a non-radiation potential
V(r), e.g. the binding potential of the atom. In that case:

h? iqh

H=—-—V*4+V(r)+ —(A-V 84

VP V() + (4 V) (34
The first two terms on the right hand side are usually taken to be the unper-
turbed Hamiltonian. The perturbing Hamiltonian associated with the inter-
action with radiation is given by the third term. For a strictly monochromatic

wave, we can write the vector potential in the form:

, 1 4 ,
A(r,t) = Re [Aoel(k""*“t)} =3 | Ao [éez(k"'*‘”t) 4 greTilkr—wt) (85)
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where A = |Ay| £, and € is the polarization vector of the wave. From (7) and
(24), we find that the time-averaged Poynting vector is given by:

<S>—w—2\A|21% (86)
~ 8mc 0

Recall that <SS > represents the energy flux of the radiation. If we think in
terms of discrete photons, the photon flux, dN/dAdt, is given by:

dN <S>  w | Ay |2
dtdA ~  hw  Smhe '

Note from (85) that the perturbing Hamiltonian in (84) has two pieces, one
proportional to e~**, and one proportional to et*?*. The former leads to the
absorption of a photon (Ey = E,, +hw), while the latter leads to the emission
of a photon (Ey = E,,, — fw). For a given set of initial and final states, only
one of the two terms can satisfy energy conservation, so we can treat them
separately. The expression for the transition rate between initial state i and
final state fis thus:

(87)

2 ¢2h?

B 4m2c?
where the top sign corresponds to absorption (with € in the matrix element)
and the bottom sign corresponds to emission (with £* in the matrix element).

rR="" | 0\2‘<f|ei’k’"s(*) V|z>‘ S(Ef — B Fhw)  (89)

2.8 Bound-Free Absorption (Photoionization)

Consider first the application to bound-free absorption, where the initial state
of an electron is a bound state in an atom, and the final state is that of a free
particle. To get the total transition rate, we must integrate over all possible
final states. For a free particle, the states are characterized by the momentum
vector p. However, the uncertainty principle requires that a particle cannot be
localized in a 6-dimensional phase space cell smaller than d*rd3p = (27h)3.
Therefore, the density of states for a free particle is given by:

Vdip  Vm(2mE)Y/2dEdQ

oAB)E =5 = E

(89)

where V is the allowable volume for the free particle (it will drop out of
the later expression), d{Q is a differential element of solid angle, and we have
assumed non-relativistic dynamics. The free particle final state of the charge
can be represented by:

u)f('r) _ V—1/2eipf»r/h (90)

where the coefficient has been introduced for normalization, i.e. (¢¢ | ¢f) =1
when the integration is performed over the allowable volume.
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Taking (2mEf)1/2 = muvy, and integrating over energy in (88), we obtain:

1 q2 9 o I 2

dR= - —+ A ‘< ips-r/h iker s, ; dn . 1
= ampapt | Ao [(e T2V | ;) (91)

The differential cross-section for this process is given by:
do dR/dQ dR/dQ (92)

dQ  dNdtdA  w| A |? /87he
2 2

— qa vy ‘ —ips-r/h | jikra )

2mhe w <e [e™7e- V| wl> (93)

Actually, this expression is an approximation to the real photoionization
cross-section because the liberated electron is not really “free” — it still feels
the Coulomb attraction to the nucleus. A more accurate treatment would
use a true continuum wave-function for the electron subject to the atomic
potential. We will come back to this later.

2.9 Bound-Bound Transitions

In the case of bound-bound transitions, which give rise to emission or ab-
sorption lines, both the initial and final states are discrete. Equation (88)
indicates that if the incoming wave is perfectly monochromatic, then the
transition rate will be infinite if Aw =| Ey — E; |, and zero otherwise. To
derive a meaningful cross-section, we must integrate over a finite spectrum
of the incident radiation field. This is characterized by a continuum photon
flux, dN/dtdAdw. Setting:

8rhe dN
Ay |P= ————— 4
Ao = =0~ Fraadn ™ (94)
in (88) and integrating over frequency, yields:
Ar2¢?h AN ik A .
Rip= (wig) | (f |e**Ter v |i) |2 (95)

m2cw;y dtd Adw

where w;y = | Ey — E; | /h. Here again the (4) sign corresponds to ab-
sorption and the (—) sign to emission. The emission case is actually induced
emission, since the transition rate is proportional to the incident flux. Because
the radiation Hamiltonian operator is Hermitian, the rates for emission and
absorption are identical (with the appropriate reversal of initial and final
states).

Dividing the transition rate in (95) by the continuum flux yields a quantity
with units of cm? Hz, which is the cross-section integrated over frequency:

(W/Rd;% = /U(w)dw = 27r/0(u)d1/. (96)
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This yields:

2
mq 2h oo A N
dv=|(— | — eV . 97
[ ot = (TL) 2o (11 re- 9 1) | (97)
Notice that the term within parentheses is the classical expression we had
earlier (65). The remainder of the right hand side is the “quantum correction”
to the classical result, and is called the oscillator strength, usually denoted
by the symbol f:

2h

mw;yf

fimy = | (f|e*Te-V i) |* . (98)

2.10 The Quantum Multipole Expansion

The matrix element which appears in (98) involves the complex exponential
factor: e’* . This is reminiscent of the classical expression (33) where we
found it useful to expand this expression as a Taylor expansion in k - r.
The logic in the quantum calculation is the same: k - r &~ v/c, where v
is the characteristic velocity of oscillating charges in the system. For non-
relativistic motions, this is a small parameter. In the lowest order limit, the
electric dipole (E1) limit, we set the complex exponential to unity. The matrix
element becomes:

N ) i, .
(fle-Vii=ze-(flpli) (99)
where p is the momentum operator. Using the commutation relation:
[pQ, r] = —2ihp = 2m [HO, r], we can rewrite this in the form:
L mi .
(ol =" [ )
mi . . .
= - (By = B)(f || ) = tmwig(f [ | 0) . (100)
The (E1) expression for the oscillator strength is therefore:
2mw;r | . .
fiog = T2 S e i) P (101)

Averaged over polarization directions, this becomes:

2 mw; ,
fimr =537 I 1)1 (102)

A simple set of operator manipulations shows that the (E1) oscillator
strengths satisfy a sum rule (the Thomas-Reiche-Kuhn sum rule):

> fing=2 (103)
7
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where Z is the number of bound electrons in the atom. This provides a
useful limit on the oscillator strengths for highly excited transitions, which
are numerous and therefore unwieldy to calculate. The next term in the
multipole expansion has the form (f | (k- 7)(é - p) | i), which, as in the
classical case, can be broken into two pieces:

12(f [ (k-7)(E-p) = (k-p)(E-7) [ )
+12(f [ (k-7)(E-p) + (k-p)(E-7) [ ) . (104)

The first term can be rewritten as:
(kxé)-(rxp)~u-B (105)

where p is the magnetic dipole moment of the orbiting electron. This is the
magnetic dipole term (M1). For atomic transitions, we need to include both
orbital and intrinsic spin contributions to the magnetic dipole moment. The
second term above gives rise to electric quadrupole (E2) transitions. Here
again, (M1) and (E2) transitions are of the same order in v/c. The (E1) term
always dominates unless the matrix element of the position vector vanishes
between the initial and final states. Transitions for which this is the case are
called “electric dipole forbidden”, or simply “forbidden”. This condition gives
rise to certain “selection rules” for (E1) transitions, which we discuss later in
the context of atomic structure. Transitions for which the expression in (98)
vanishes to all orders in (k- 7) are called “strictly forbidden”. These can only
go by two-photon decay.

2.11 Spontaneous Emission

The quantum theory summarized so far only works for induced transitions,
where an external electromagnetic field is introduced as a perturbation. This
is because the treatment is semi-classical, i.e. the radiation field is still mod-
eled classically even though the radiating system is treated quantum mechan-
ically. Spontaneous emission, in which a system in an excited state decays
on its own by emitting a photon, does not occur in this picture because the
initial state involves no radiation field, so there is no perturbing Hamiltonian.
The correct treatment of this process requires the quantization of the radi-
ation field. That is straightforward, but too time-consuming to review here.
However, another form of semi-classical argument can be invoked to derive
what turns out to be the correct result. In the (E1) limit, our classical expres-
sion for the radiated power is given by (38). For an oscillator at a particular
frequency:

|dP=w!(ldw) P+ [ d(-w) [?) = 2" | d(w) |* . (106)

Using (35), we can write this in terms of the integrated current density:
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d(w) |2 = —1 io |2 107

where jo = [ d®r/j(r’,w) Thus:

AW 4w?

=5 gl (108)

In quantum mechanics, the charge density for a point charge is o = ¢ | ¥(r) |2.
From the continuity equation (5) and the time-dependent Schroedinger equa-
tion (67), it can be shown that the current density must be given by:

zqh

o VY =¥V (109)

j:

An appropriate “quantization” of the classical expression (108) can thus be
obtained by setting:

2

| Go I = ] / a’r’ (‘ZW) (03 V; — (Vaby) 1] (110)
=m2|<f\p|>| (111)
_q w”cthf (112)

where f;_,; is the electric dipole oscillator strength of (102). The resulting
expression for the decay rate is then:

1 dw  24°w}

Ay = - =3
! fw;p dt 3 mc?

fimy (113)

Comparison with (60) shows that this is simply the expression for the radia-
tive decay rate of the classical oscillator multiplied by the absorption oscilla-
tor strength.

3 The Structure of Multi-Electron Atoms

3.1 Introduction

This chapter is devoted to the structure of multi-electron atoms. This is a
vast and complex subject and time limitations will unfortunately prevent me
from going into any real depth on most of the topics I will cover. My main
focus will be on defining the relevant terms and outlining the basic principles
and approximations which are used in modern atomic physics calculations. I
will not discuss computational techniques or the specifics of particular codes.
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Once again, I assume that much of this material is familiar to the reader from
undergraduate and graduate courses in quantum mechanics.

The physics of atomic structure basically involves the solution of the time-
independent Schroedinger equation:

Hi = Evp (114)

where H is the Hamiltonian operator, E the energy and 1 is the wave-function
for the electrons in the atom, usually expressed as a function of spatial and
spin coordinates. For all but the simplest atoms, this equation is not analyt-
ically solvable and various approximation techniques are required. The most
common, and most general is time-independent perturbation theory, in which
one writes the Hamiltonian in terms of two parts:

H=H"+H' (115)

a zeroth-order Hamiltonian H°, which is amenable to direct solution and an
additional perturbation H! which has much smaller amplitude. In first order
perturbation theory, the corrections to the energy levels due to the presence
of the perturbation are given by:

ABD = (v | ' | 0l?) (116)

where 1/)7(10) is the zeroth-order wave-function associated with the n-th energy
level, E,,, and the corrections to the wave-functions are given by

O | 71 | ©
Ap =3 i ((L | :ﬁ? )
kzn By — En

v (117)

The zeroth-order wave-functions are orthonormal by construction and the
perturbed wave-functions remain orthonormal to lowest order in H'.
Another approach which is frequently used for more complex atoms is
the Ritz variational method. Its utility follows from the fact that the ex-
pectation value of the Hamiltonian with respect to an arbitrary normalized
wave-function ¢, (¢ | H | ), is a minimum when v is the ground state
eigenfunction of H. Even more generally, if the functional (¢ | H | ¢) is sta-
tionary with respect to perturbations in v, then 1 must be an eigenfunction
of H. Typically, one uses this method by choosing a form for a trial wave-
function characterized by a set of adjustable parameters and then minimizing
the expectation value of the Hamiltonian with respect to those parameters.

3.2 Hydrogen-like Ions

We will begin the discussion with a quick review of the structure of hydrogen-
like ions or one-electron atoms. Hydrogen-like ions are important for a num-
ber of reasons. First, in the non-relativistic limit, the time-independent
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Schroedinger equation is exactly solvable so we can get analytic expressions
for all important quantities. Second, the “hydrogenic approximation” is often
useful for orders of magnitude estimates of rates for important processes and
for simple scaling laws with the nuclear charge Z. Finally, hydrogen-like ions
are quite important contributors to the soft X-ray emission from astrophysi-
cal plasmas. Indeed, the brightest lines are usually Lyman series transitions
from hydrogen-like oxygen, neon, silicon and other low-Z elements.

The non-relativistic Hamiltonian for a single electron in an attractive
central potential is given by:

2

H= ane —V(r) . (118)

Making the usual substitution: p = —iAV we get the relevant form of (114):

2

(=57 = V) ) ) = B (19)
2me

It is convenient to use atomic units where the natural unit of length is the

Bohr radius: ag = h?/me? = 0.529 1078 cm, and the natural unit of energy

is twice the Rydberg constant: e?/ag = 2Ry = 27.2 eV = 4.36 107! erg. In

these units, e=h=m = 1.

Equation (119) then takes the form:

(;W +E+V(r)> Y(r)=0. (120)

Equation (120) is spherically symmetric, so it is useful to write it in spherical
coordinates. A spherically symmetric Hamiltonian commutes with the total
angular momentum operator I = r X p, which implies that eigenstates of H
are also eigenstates of [2 and [,. In spherical coordinates (120) becomes:

Gl (a)(a)+1a- l} SEAVO) =0 (2)

The only dependence on the angular coordinates (14, ¢) in this expression is
the I2 term. That implies that the equation is separable and v can be written
as a product of radial and angular parts:

Y(r, 9, p) = @Y(ﬁ,cp) ) (122)

The eigenfunctions of 12 and [, are called spherical harmonics and have the
form:

(I—|m20+1]"2

(—1)(mtmD/2 plml(cog9)eime (123)
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where P/™ is the associated Legendre Polynomial. The spherical harmonics
obey the eigenvalue equations:

Y (0, 0) = 11+ 1)V (3, ) (124)
LYim (0, 0) = mYim (9, ) (125)

where [ and m are integers, with — < m <.
After substitution of (122) into (121), we are left with the radial equation:

R(r)

r

2dr2 " rdr 2r2

(1 ?1d U(+1) —0. (126)

+E+Vm)

For bound-states, ' < 0, the solutions are discrete and are characterized by
an integer index n called the principal quantum number. Bound-state wave-
functions are only obtained for n > [ + 1, so for a given principal quantum
number, the only allowed angular momentum states are [ = 0,1,2,...,n—1.
The radial eigenfunctions are thus characterized by the two indices n and .

For the particular case of the Coulomb potential V(r) = Z/r, (126) is
exactly solvable, and leads to the radial wave-functions:

n 1/2
Ralr) == (S ) ) )

where p = 2Zr/n and Liljfll(p) are associated Laguerre polynomials. The
energy eigenvalues, in atomic units, have the form:

_7?

En=g2

(128)
and are independent of /. This is a unique property of the Coulomb potential.

The probability density of finding the electron in the radial range r —
7+ dr is given by R?(r). Plots of this function for a few low order orbitals
are given in Fig. 1. Several key features of these radial wave-functions are
immediately apparent from the plots. First, most of the charge is concentrated
in a spherical shell of moderate thickness, whose radius increases with n.
This is expected classically, i.e. smaller binding energy is associated with
larger orbits. Note that for a given n, the radius of this shell decreases with
increasing [. Again, this is in line with classical expectations. For a fixed
energy, smaller angular momentum implies an elliptical orbit with higher
eccentricity, in which the electron spends most of its time further away from
the nucleus. Finally, note that as r goes to zero, the probability density goes
to zero for all but the [ = 0 states. Hence only these states are appreciably
affected by nuclear interactions.

Since the energy only depends on n for hydrogen-like ions, there are n
degenerate [ states for each value of n, and 2] + 1 degenerate m states for
each value of [. In addition, the electron is a spin 1/2 particle, so there are
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ak T T T T : A

N
a2

air =

b

Fig. 1. Probability density to find the electron as a function of r (from Rybicki
and Lightman, Fig. 9.1)

two degenerate spin states for each spatial state. The total degeneracy of
level n is therefore given by:

n—1

gn =2 (20+1) =2n° (129)
=0

3.3 Scaling with Nuclear Charge

It is useful, at this stage, to look at the scaling of various quantities with
the nuclear charge Z. First note that the energy levels scale like Z2, which
implies that the frequencies of key transitions also scale like Z2. The Lyman-a
or n = 2 — 1 transition, specifically, has photon energy given by:

hwie = (10.2eV)Z? . (130)
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Note that this line falls in the soft X-ray band (0.1-10keV) for Z = 3-31, which
includes the abundant elements: C(Z = 6), N(Z = 7), O(Z = 8), Ne(Z = 10),
Si(Z = 14), S(Z = 16), Ar(Z = 18), Ca(Z = 20) and Fe(Z = 26). The energy
of this line is only slightly affected by the presence of additional electrons.
So (130) gives a rough idea of the energies of all K-shell feature transitions
down to n = 1, for these and other elements.

Transitions down to n = 2 are called L-shell transitions. For hydrogen-like
ions, the brightest is the Balmer-a transition corresponding to n = 3 — 2,
whose energy is given by:

hwre = (1.89 eV)Z? (131)

Note that the L-shell transitions for Fe fall close to 1keV, in the center of
the soft X-ray band. These are especially important for diagnostic purposes,
as we will review in a subsequent chapter.

Equation (127) implies that the scaling of the radial wave-function is
like Z~!. Specifically, the characteristic size of hydrogen-like ions is given
roughly by ag/Z, where aq is the Bohr radius we defined earlier. Recall from
(102) that the oscillator strength for an E1 transition is proportional to
wij | (f | 7| i) |?. This scales like Z2Z~2, and thus is independent of Z.
The radiative decay rates for E1 transitions are proportional to w? f, so they
scale like Z4.

The Coulomb potential for a hydrogen-like atom is proportional to 1/r so
classically, the electron orbit obeys the Virial theorem, i.e. the kinetic energy
is —1/2 times the potential energy:

1 5 Zé
—muv® = — .
2 2r
For the ground-state:
ao
re—
and thus: 12
Z%e?
~ =(Z 132
v=(22)7 = zase (132)

where a = e?/he ~ 1/137 is the fine structure constant. We saw earlier
that the expansion parameter for both the classical and quantum multipole
expansion (k- r) ~ v/c, where v is a characteristic velocity of the system.
For atomic transitions, we see that this parameter is ~Za. The magnetic
dipole and electric quadrupole terms are thus ~(Za)? times smaller than
electric dipole terms, so they scale like Z°. For low-Z abundant elements (C,
N, O), (Za) is indeed a small parameter. However for Fe, it is ~0.2, so higher
order multipole terms are non-negligible and can often be important in the
spectrum.
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3.4 Relativistic Corrections

The time independent Schroedinger equation as expressed in (119) assumes
non-relativistic dynamics. For relativistic charges, one must use the Dirac
equation instead. However, since v/c ~ Za, atomic electrons are only mildly
relativistic, even for iron which is the highest Z abundant element. Thus,
it is sufficient to use (119) and to treat relativistic corrections as a simple
perturbation to the atomic structure.

To lowest order, there are three contributions to the relativistic correc-
tions:

1 pt
Hi =—= 133
1 ) mﬁcQ ( )
which is the lowest order correction to the kinetic energy,
1 1dV
Hy=——(-——]1- 134
27 om2e2 (r dr ) . (134)

the spin-orbit term, which represents the magnetic interaction between the
magnetic dipole moment of the electron associated with its intrinsic spin and
the magnetic field that it sees as it orbits in the electric field of the nuclear

charge, and
h? avy o
Hi=——|(—)= 1
37 4m2e2 (dr) or’ (135)

the so-called Darwin term, which is a relativistic correction to the potential
energy produced by the non-localizability of the electron associated with its
rest mass energy.

For the Coulomb potential in hydrogen-like atoms, a simple first order
perturbation theory calculation using zeroth-order wave-functions yields the
energy shift:

(Za)? n 3
AE, =+F - - 136
nE T Gy 1 (136)
where j is the eigenvalue associated with the total angular momentum —
specifically j(j + 1)h? is the eigenvalue of j2, where j =1 + s. The fact that
the perturbed energies depend on j is a consequence of the spin-orbit term,
which is proportional to the operator:

l-s=_(j*—1*-5%). (137)

Ignoring the relativistic corrections, eigenfunctions of the Hamiltonian for a
one-electron central potential are simultaneous eigenfunctions of Hy, 12, I,
s2 and s,, so the states are characterized by the quantum numbers n, I, my,
s, ms. When the spin-orbit term is included however, [, and s, no longer
commute with the Hamiltonian. The states are then characterized by n, [,
s, j, mj. We will see shortly that this has important consequences for the
specification of the states in multi-electron atoms.
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3.5 The Central Field Approximation
and Quantum Indistinguishability

When there is more than one electron in the atom, the Schroedinger equation
acquires an additional term due to the electron-electron repulsion:

;ZV?JFEJFZZ?}_ZM P({r;}) =0 (138)

J i>7

where 7; is the position coordinate of the jth electron, V; = 0/0r; and
the sum is taken over all electrons. As indicated, the wave-function now
depends on the set of all electron positions {r;}. Even for the case of just
two electrons, (138) is impossible to solve analytically. The main problem is
due to the coupling of all of the individual r;’s.

To make the problem tractable, some simplifying assumptions must be
made. The most common is called the central field approximation. We par-
tially account for the effects of the electron-electron repulsion by modifying
the central potential, and then treat the residual electron-electron repulsion
as a perturbation. That is, we define a zeroth order Hamiltonian by:

1 2
%:_iz}@+2yvﬂ (139)
J J
and a perturbing Hamiltonian by:

1 Z
H = —_— —+ V()| - 140
Zlm—rjl Z<7‘j+ (TJ)> (o
1>] J
Here V(r) takes the form of a screened Coulomb potential. Close to the
nucleus,

-7
Vir) - —+C
r
where C'is a constant. Far from the nucleus

—(Z-N+1)

r

V(r) —

where N is the number of electrons in the atom. The constant C' enters in
because the outer electrons approximate a uniformly charged sphere where
the electron is close to the nucleus, and the potential inside a uniformly
charged sphere is constant.

In the central field approximation, the zeroth order Hamiltonian given by
(139) is the sum of single particle Hamiltonians, and thus the zeroth order
wave-functions can be written as the product of single particle wave-functions:

Y({r;}) = 1(r)e(ra) .. N (rN) (141)
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where the individual ¢;(r;) are solutions to the single electron Schroedinger
equation:

(;vﬁ +E - V(Tj)) ;(r;) =0 (142)

and are individually characterized by the quantum numbers n, I, m;, s,
mg. This would be sufficient if it were not for quantum indistinguishabil-
ity. Because the atomic electrons form a system of identical particles and
because they are fermions, the total wave-function must be anti-symmetric
with respect to particle interchange. We can construct such an anti-symmetric
wave-function by forming the following linear combination of product wave-
functions:

Y({r;}) = VP (rj)a(rja) . N (dN) - (143)

S
Here, in each term in the sum, the set of single-electron wave-functions is
arranged in the same order, but the electron coordinates, r;1,7;2,...,7;n§
have been arranged in a new order which is a permutation of the original set.

The sum is taken over all possible permutations. For each permutation,
P represents the number of interchanges. Thus (—1)* = +1 for even permu-

tations and —1 for odd permutations. The wave-function given by (143) is
often written in terms of what is called a Slater determinant:

Y1(r1) Yo(r1) ... ¥n(r1)
1 | ¥i(re) a(r2) ... Yn(r2)

v({r;}) = ﬁ

(144)

() Ga(rw) - P (ry)

and is occasionally referred to as a determinantal wave-function. An impor-
tant consequence of the anti-symmetrization is the Pauli Fxclusion Princi-
ple: “No two electrons can occupy the same individual quantum state”. This
can be seen to follow trivially from the Slater determinant. If two of the
single particle wave-functions, 1; and ; are identical then two columns in
the matrix are identical and the determinant vanishes. The Pauli exclusion
principle implies that for multi-electron atoms, even the ground state must
involve electrons in the individual particle excited states. Recall that for prin-
cipal quantum number 7, there are 2n? distinct spin and angular momentum
states. If there are more than two electrons in the atom, at least some must
be in an n = 2 or higher level. If there are more than ten electrons, some
must be in an n = 3 or higher state.

The specification of the N individual particle quantum states for the set
of N electrons is usually referred to as the configuration. The representation
of the general wave-function ¥ ({r;}) in terms of the Slater determinant is
sometimes called the single configuration approzimation.
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3.6 Electron Exchange — Helium-like Atoms

A second important consequence of the anti-symmetrization of the wavefunc-
tion is the existence of what are called electron exchange terms. These are
additional interaction terms which introduce spin dependence in the energy
levels even when there is no explicit spin dependence in the Hamiltonian.

The key concepts are most simply illustrated by looking at the detailed
level structure of helium-like atoms where there are two orbital electrons.
The Hamiltonian for this system is:

1, 1, 2 2 1
H——§V1—§V2—E—E+?2 (145)

where 112 = | 71 — 72 |. The Hamiltonian is spin-independent, so the eigen-
functions are functions only of the r; and 7r5. However, because of the
anti-symmetrization, there is a coupling to spin. Specifically, the total wave-
function can be written in only one of the two forms:

Y = ps(r1,m2)xa(ms1, ms2) (146)

or
¥ =@a(ri,r2)xs(msi, ms2) . (147)

Here ¢ denotes the spatial component of the wave-function, while y denotes
the spin component. The subscripts “S” and “A” indicate the symmetric
and anti-symmetric combinations, respectively. Since the total wave-function
must be anti-symmetric, one of the two must appear in a symmetric combi-
nation while the other must be anti-symmetric.

The symmetric spin-state is the so-called triplet state, where the total
spin: 8 = S1 + 82 has eigenvalue s = 1. This state has three-fold degeneracys;
the degenerate eigenstate can be written in the form:

11/2,1/2),  ms=+1
1
27124 [-1/2.1/2), m. =0
| —1/2,-1/2) . my=—1

Here the first index in each case is mg; and the second index is mgs. The
anti-symmetric spin state is the singlet state, corresponding to s = 0. There
is no degeneracy in this state. It can be written in the form:

1
V2

Invoking the central field approximation, we will treat the electron-electron
repulsion term as the perturbation. For simplicity, we will take the cen-
tral potential to be the simple Coulomb potential of the nuclear charge:
V(r) = —2/r. In that case the spatial part of the wave-function is the product

(11/2,-1/2)— | ~1/2,1/2)) . my =0
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wave-function of hydrogen-like eigenfunctions. The symmetric combination is:

1
\ﬁ(@l(’"l)@("‘z) + p2(r1)p1(ra))
where @1 and @9 are each characterized by a particular choice of n, [, m;.
The anti-symmetric combination is:

%(@1(7‘1)@2(7‘2) —pa(r1)er(r2)) -

Now consider the ground state of the helium atom. Both of the electrons
must be in the lowest energy orbital, corresponding to n = 1, [ = 0. Since the
two electrons are in the same spatial state, the spatial wave-function must be
symmetric. In that case, the spin wave-function is anti-symmetric, so this is a
singlet state. In first order perturbation theory, the correction to the energy

level is given by:
)

1
= [@ridra o) Plowra P . (a9

1

T12

ap = (v

This expression has a simple classical interpretation: since | ¢19(r1) |* and
| ¢10(72) |? represent the probability density of finding the electrons at posi-
tions r; and rg, respectively, this is just the weighted average of the electro-
static repulsion energy between them.

Next consider the first excited states. In this case, one of the electrons is
in the n = 1, [ = 0 orbital, while the other is in an n = 2, [ = 0, 1 orbital. In
this case, there are two possible spatial wave-functions:

%(%0(7“1)8020(7“2) + 20(r1)p10(T2))

which corresponds to the spin singlet, and

%(Qplo(’rl)@zo(’f‘z) — @20(T1)P10(T2))

which corresponds to the spin triplet. The first order perturbation theory
correction to the energy level now has two terms:

1
AE = /d37'1d37"2 | 10(r1) ] p20(r2) -

N 1
+ /d3T1d3T2¢T0(T1)¢20(7'2)9020(“)9010(7'2)@ (149)

where the (+) sign applies to the spin singlet combination and the (—) sign ap-
plies to the spin triplet. The first term has the same interpretation that we saw
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earlier; it is the weighted average of the electrostatic repulsion energy. How-
ever, the second term is new. It appears because of the anti-symmetrization
of the wave-function and is generally referred to as the electron exchange
term. It can be shown that the integral for this term is always positive, so
the triplet state has always lower energy. Thus the lowest excited state of
helium-like atoms are spin triplet states.

A simple interpretation of the exchange energy is as follows: for a spin
triplet combination, the spatial wave-function is anti-symmetric, so the Pauli
exclusion principle requires that the electrons stay further apart. In that
case, the electrostatic repulsion energy is reduced. For a spin singlet, the
electrons are closer together on average and the electrostatic repulsion energy
is enhanced.

3.7 Approximation Techniques for Multi-Electron Atoms

For more complicated multi-electron atoms, the electron-electron interaction
is a significant perturbation and some form of approximation scheme is re-
quired to calculate wave-functions and energy levels. Within the context of
the central field approximation, the simplest approach is to assume a central
V(r) which suitably accounts for the effects of electron shielding, and then
to use this potential to calculate the single electron wave-functions which are
the basic ingredients for the Slater determinant wave-function appropriate to
the whole atom. Final wave-functions and energy levels are computed using
first order perturbation theory, with the perturbation given by (140).

An early candidate functional form for the central potential was the
Thomas-Fermi potential derived from a statistical treatment of the electron
cloud as a gas of free-particle degenerate fermions at zero temperature. The
potential is calculated classically from an assumed continuous charge density
p(r) and the form of p(r) is adjusted so as to achieve a minimum in the total
(kinetic plus potential) energies. This model yields moderately accurate en-
ergy levels for the valence shells of multi-electron near-neutral atoms, where
the semi-classical assumptions involved are most reliable.

A more modern, and more accurate approach is to assume a convenient
analytic form for the potential such as:

V(r) = —%((N—1)6_“17'—1—@27“6_“2"4—. cFan e N4 Z-N+1) (150)
characterized by the adjustable set of parameters: ay, as, ..., ay. For a given
configuration, the values of the «;’s are determined by minimizing the total
energy of the atom. This yields a unique form for the potential for each
electron configuration. That is sufficient for calculating energy levels. How-
ever, for the calculations of matrix elements (such as oscillator strengths), a
common potential must be chosen, or otherwise the wave-functions describ-
ing initial and final states are not necessarily orthonormal. The parametric
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potential method is computationally fast, and has been shown to yield rea-
sonably accurate results, especially for highly charged ions, which are the
dominant contributors to astrophysical X-ray spectra.

The most accurate conventional approach however is the Hartree-Fock or
self-consistent field method. Here one takes a direct account of the dependence
of the individual electron wave-functions on one another, which is brought
about by the electron-electron repulsion term. The governing equations can
be derived from the Ritz variational principle, i.e. using total wave-functions,
1, constructed as Slater determinants of individual electron wave-functions,
i, we minimize the quantity (¢ | H | ¢) (where H is the total Hamiltonian)
subject to the constraint that the individual wave-functions remain ortho-
normal. This can be accomplished by introducing N Lagrange multipliers ¢;,
such that:

S((W | H|¥) - Z&‘W’i | pi)) =0. (151)

The result is a set of N equations (the Hartree-Fock equations) which look
like Schroedinger equations, but with potentials that depends on the wave-
function solutions:

2
J j#i

3 1 *
<| [ ematen)] este) = (152

lri—mr; |77
Here mg; and mg; are the eigenvalues of s, for the ith and jth orbitals in
the electron configuration, respectively. The first two terms on the left-hand
side of (152) are associated with the single particle Hamiltonian ignoring the
electron-electron interaction. The third term comes from the electron-electron
repulsion energy. The fourth term is due to the exchange energy. It is zero
unless the two orbitals have the same spin (d(mg;, ms;) = 1), so that the

spatial part of the wave-function is anti-symmetric.

For a given set of trial wave-functions gogo)(r), the set of (152) can be

solved to yield a new set of wave-functions cpl-l (r). This is repeated until it
converges, i.e. until the resulting set of eigenfunction solutions is “close” to
the trial set. The process yields a self-consistent potential for the electron-
electron interaction which can then be used to calculate energy levels and
matrix elements.

Hartree-Fock calculations are generally time-consuming and unwieldy in
comparison to the simpler parametric potential methods discussed earlier. In
addition, the self-consistent potential is not always smooth and well-behaved
which can complicate the calculation of relativistic corrections (134 and 135)
that are important for highly charged ions.
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3.8 LS, jj and Intermediate Coupling

The Hamiltonian for the multi-electron atom as incorporated in (138) is rota-
tionally invariant. In addition, it has no explicit spin dependence. This means
that H must commute with the operators J, L and S:

[H,J]=[H,L]=[H,S]=0 (153)

where L is the total orbital angular momentum of all the electrons in the
atom: L = )" 1;, S is the total spin angular momentum: § =) . s; and J is
the total angular momentum: J = L + S. Hence, the eigenstates of H must
also be eigenstates of J2, J,, L2, L,, S? and S, and will thus be characterized
by definite values of the corresponding eigenvalues: J, My, L, My, S, Mg,
in addition to the energy FE.

However, in the central field approximation, we have constructed the
eigenfunctions out of single-electron wave-functions, which are themselves
eigenfunctions of 12, [, s2, s,, and are thus characterized by the eigenvalues
[, my, s, ms. The simple product wave-functions which comprise the Slater
determinant will be characterized by a set of definite eigenvalues l(i), ml(i’),
s(i), mgi) for each of the electrons in the atom. But I? does not commute
with the individual ZS) operators and 52 does not commute with the individ-
ual sgi). Hence these simple products cannot be eigenfunctions of the total
Hamiltonian including the electron-electron repulsion.

Product states of definite L, My, S, Mg can however be generated by
“coupling” individual product wave-functions into suitable superpositions.
Here one uses the usual rules of angular momentum addition in quantum
mechanics, and the coefficients of the various terms are given by Clebsch-
Gordan coefficients. One first couples the spatial wave-functions individually
into states of definite L? and L, and the spin wave-functions individually
into states of definite S? and S,. One couples their product together to yield
states of definite J? and .J,. This is called an LS coupling scheme or sometimes
Russell-Saunders coupling.

The anti-symmetrization of the wave-function involves a superposition
over permutations of the electron coordinates. Coupling involves a super-
position over different values of ml(z) and mgz). In principle, one can anti-
symmetrize first and couple afterwards or couple first and anti-symmetrize
afterwards. In practice, the latter is usually easier. The calculation of the
matrix elements using these anti-symmetrized, coupled wave-functions can
be quite complex if carried out by brute force. Fortunately, there is an ele-
gant mathematical formalism known as Racah algebra — developed by Racah
and Wigner in the 1940’s — which greatly simplifies the angular part of these
matrix elements.

The discussion above ignores the relativistic corrections covered in Sect. 3.4.
In particular, the spin-orbit term (134) in the single electron Hamiltonian is
proportional to the operator I-s, which does not commute with [, and s, but
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does commute with j2 and j,. When this term is important, it is convenient
to first couple the individual particle wave-functions into states of definite
3@, mﬁi) and then couple these states into states of definite J, M ;. This is
known as jj-coupling.

jj-coupling is formally incompatible with LS-coupling because states of
definite L?, L., S2, S, are not characterized by definite values of j(*), my).
In practice, LS-coupling is preferred whenever the electron-electron repulsion
term dominates over the spin-orbit terms. This is especially true for low-Z
atoms which are not highly ionized. jj-coupling would be preferred for high-Z
atoms with only a few electrons. In cases where both electron-electron and
spin-orbit terms are important, neither scheme is entirely appropriate. In
that case, one chooses one or the other as the basis, and then diagonalizes
the “other” perturbing operator in this basis to achieve the appropriate su-
perpositions. This is known as intermediate coupling. The final eigenstates
are then only characterized by definite values of J and M.

3.9 Spectroscopic Notation and Ground-State Configurations

In LS-coupling, a given electron configuration is specified by the quantum
numbers n(9, (0 s() for each of the individual electrons and the total quan-
tum numbers L, S, J, M; for the atom as a whole. In the absence of an
external field, the energy levels are degenerate in M ; so this is usually not
included. In addition, all electrons have s = 1/2, so this too need not be
indicated. Over the years, a notational scheme has become standard for des-
ignating these configurations. Specifically, for a given nl “shell” the number
of electrons in that shell is indicated as an exponent. Recall that there are
2(21 4+ 1) distinct states in such a shell , so the exponent cannot exceed that
number. For historical reasons, [ is not indicated as an integer, but instead
as a letter, with the assignments:

l= 012345...
symbol s p d f g h ...

Thus the notation 3d24 f indicates two electrons with principal quantum num-
ber n = 3 and angular momentum [ = 2 and one electron with n = 4 and
l=3.

For the total quantum numbers, the standard notation has the form

25+1LJ

Here again a letter is used in place of a number for L and the convention is the
same as that used for the individual [’s only with upper case letters instead
of lower case. Thus the designation 2D3/2 indicates a state with S = 1/2,
L=2and J=3/2.

For X-ray emitting astrophysical plasmas, we are mainly concerned with
few electron atoms, specifically K- and L-shell ions, isoelectronic with the
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neutral elements hydrogen through neon. Only a few key ideas are required
to understand the ground configuration of such ions.

1. For a Coulomb potential, we have seen that the energy levels only depend
on n not [. This is not true of the screened Coulomb potential appropriate
to multi-electron atoms. The lower the angular momentum, the higher the
probability that the electron is close to the nucleus where it “sees” less
screening of the nuclear charge and hence the lower the energy. The energy
therefore increases strongly with n and/or [.

2. Because of the strong dependence on n and [, as electrons are added to an
ion, they continue to fill n,! “shells” until they are closed. A shell is closed
when all of its magnetic spatial and spin orbitals are filled. A closed shell
therefore has J, L and S all equal to zero.

3. For a partially open shell, the state of highest S will have the lowest
energy. This is a consequence of the exchange energy, as we saw earlier.
If S is maximal, the spin wave-function must be symmetric, which means
that the spatial wave-function is anti-symmetric, and the electrons are on
average further apart, thereby lowering their repulsion energy.

4. If the partially open shell is less than half-full, the lowest energy state will
have the lowest possible value of J. This is a consequence of the spin-orbit
interaction, which contributes positive energy that increases with J.

5. If the open shell is more than half-full, it is easier to think in terms of
the electron “holes” rather than the electrons. These behave like positive
electrons. Their spin-orbit contribution then has opposite sign. As a result,
the lowest energy state has the highest possible J.

Using these rules, one can understand now the ground-states of hydrogen-like
through neon-like ions have the following configurations:

H: 1s 281/2
He: 182 1S()
Li: 18228 281/2

Be: 152252 1S,
B: 1s22s%22p 2P1/2
C: 1s225%22p* 3Py
N: 1522s5%2p3 483/2
0O: 1s522522p* 3P,
F: 15225%22p° 2P3/2
Ne: 1522522p5 1§,

In cases of intermediate coupling, which is important for highly charged ions,
it is sometimes useful to also indicate the j-values of the individual electrons.
This is done by adding a subscript to the individual shell terms indicating the
value of j. Since the spin-orbit interaction for an individual electron has the
lowest energy for the lowest values of j, the lower j states are filled first. Thus,
in this notation, the ground configuration of oxygen-like ions is represented
by 1522522])% /22p§ /2 Of course, for intermediate coupling, the L and S values
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are not precisely defined. Typically, one lists the notation for the leading term
in the LS expansion.

3.10 Configuration Interaction

In Sect. 3.5 we introduced the central field approximation and the associ-
ated single configuration approximation, where the total wave-function is
written as an anti-symmetrized product of single-electron wave-functions. It
should be emphasized that this is an approximation — it is by no means clear
that the exact multi-electron eigenfunction of the total Hamiltonian is close
to a single configuration wave-function, i.e. to a single Slater determinant.
When this is not true, we need to allow for configuration mixing, by form-
ing multi-configuration superpositions derived from matrix elements of the
Hamiltonian. Codes which include these effects are called multi-configuration
calculations.

It is impractical of course to include a large number of configurations in
constructing the basis set. However, some guidance comes from the structure
of the Hamiltonian. In LS-coupling, only configurations of common L, S, J
and parity need be included. In addition, since the Hamiltonian only contains
terms involving one or two electrons, interactions can only occur between
configurations that differ in at most two orbitals.

Configuration interaction tends to be strong between configurations which
are close in energy. For the highly charged ions important in X-ray emitting
plasmas, the energy levels are more weakly dependent on [. Thus significant
mixing can occur between configurations like 3s23p”* and 3p**+2. In such cases,
the identification of a particular transition with a set of upper and lower
configurations is not very meaningful.

3.11 Selection Rules for Radiative Transitions

The matrix elements which appear in the various terms in the multipole
expansion for radiative transitions can vanish for particular choices of initial
and final states. This gives rise to what are called selection rules for the
various multipole transitions. Transitions which violate the selection rules are
called forbidden, while those consistent with the selection rules are allowed.

First, consider electric dipole transitions. Here the matrix elements is
(f|ri), where r = > 7;. Since r is a sum of single electron operators, this
matrix element will vanish if the initial and final configurations differ by more
than one electron orbital. Hence, only single electron transitions are allowed.
Second, note that r has odd parity. Thus initial and final states must have
opposite parity. Finally, since in spherical coordinates r; can be written as
a superposition of the spherical harmonics with [ = 1, it is easy to show
that this matrix element also vanishes unless Al = 41 for the change in the
single electron orbital. The essential selection rules are Al = £1, As = 0,
AL =0,+41, AS =0, AJ =0,%1, with J = 0 — 0 strictly forbidden.
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Second, for magnetic dipole transitions, the matrix element is (f | p | ),
where p is the magnetic dipole moment. Including spin contributions, g ~
L+2S = J+ 8. Since J commutes with H, (f | J | i) = 0, so we are only left
with (f | S| 4). This is a pure spin operator, so the net spatial configuration
cannot change. Ignoring relativistic terms, S also commutes with H. However,
the spin-orbit interaction introduces some mixing. The selection rules are
AS = 0,+£1 (spin flip), AJ = 0,£1, no J = 0 — 0, no parity change, no
change in configuration (i.e. An =0, Al =0 for all electrons).

And third, for electric quadrupole transitions, the selection rules are: Al =
0,+2, AL =0,+1,42, AJ =0,+1,£2, no J = 0 — 0, no change in parity.

When configuration interaction is important, these selection rules can
appear to be violated because of mixing. That is, even if the dominant con-
figurations in the initial and final states violate the selection rules, there may
be small admixtures in each case that do contribute to a non-zero matrix
element.

4 Electron-Ion Collisional Processes

4.1 Overview

In the previous two chapters, I have laid out the essential ingredients for the
calculation of radiative transitions rates between various energy levels and for
the atomic structure effects which give rise to the particular characteristics of
those levels. To predict the emergent X-ray spectra of astrophysical plasmas,
however, we also need to understand the details of how excited atomic levels
are populated. For the most part, that involves the study of electron-ion colli-
sional processes in plasmas. This is also a rich and diverse field and it will not
be possible to do justice to the full complexity of this topic. My emphasis, as
in the previous chapter, will be on the explication of key concepts, definition
of terms commonly used in the atomic physics literature and presentation of
some quick back-of-the-envelope type calculations that enable us to derive
rough estimates of the rate coefficients for these processes.

Each electron-ion collisional process is accompanied by a quantum me-
chanical inverse, which can be viewed as the same process time-reversed. Not
surprisingly, the rates for direct and inverse processes involve common matrix
elements, and are therefore related. The easiest way to derive these relations
is to resort to detailed balance arguments, i.e. to set the rates for direct and
inverse processes equal in strict thermodynamic equilibrium. I will defer an
extensive discussion of thermodynamic equilibrium to the next chapter, but
we will anticipate some important results from that discussion and utilize
them here.

There are essentially four key electron-ion collisional processes that are
important for X-ray emitting plasmas. These are schematically illustrated
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Fig. 2. The first two of the four key electron-ion collisional processes. The “inverse”
process is on the right

in Figs. 2 and 3 where the “direct” process is depicted on the left and the
“inverse” process on the right.

Collisional Excitation/Deexcitation

In collisional excitation, the interaction between a passing electron in a con-
tinuum state and a bound electron in a discrete state results in the excitation
of the bound electron to a higher energy discrete level. To conserve energy,
the colliding electron gives up a fraction of its energy and thus “falls” into a
lower continuum state. The inverse process is collisional deexcitation, where
a passing electron interacting with an excited atom actually gains energy as
a result of the collision.

Collisional Ionization/3-Body Recombination

Collisional ionization is similar to collisional excitation, except that in this
case, the final state of the initially bound electron is also a continuum state.
The inverse process is 3-body recombination. Here, two, initially free electrons
interact with the ion in the same collision. One of the two gets captured into
a bound discrete level, while the other carries off the excess energy in a higher
continuum state.
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Fig. 3. The last two of the four key electron-ion collisional processes

Radiative Recombination/Photoionization

In radiative recombination a free electron in a continuum state decays into a
bound discrete state through the emission of a photon. This is actually a form
of spontaneous emission, similar to what we discussed for the radiative decay
between two bound levels in Sect. 2.9. The inverse process is photoionization,
or bound-free absorption, as discussed in Sect. 2.8.

Dielectronic Capture/Autoionization

Dielectronic capture is a resonant radiationless process in which the decay
of an electron from a continuum state to a bound state is accompanied by
the elevation of a core electron into an excited state. The resulting atom is
doubly excited, and it has a total energy above the ionization potential of
the initial ion. The inverse process is autoionization, where a doubly excited
atom decays via the emission of a weakly bound outer electron. If the core
excitation is associated with a “hole”, in one of the orbitals of an inner shell,
this process is usually called Auger decay.

In the remainder of this chapter, I will review each of these processes in
somewhat more detail.
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4.2 Collisional Excitation — Scattering Theory

Collisional excitation is essentially an example of inelastic scattering of an
electron off a complex atomic potential, and thus much of the formalism
of quantum scattering theory can be applied to this process. Typically, one
expresses the continuum wave-function at large distances from the atom as
the sum of an incident plane wave and an outgoing spherical wave:

eikf r

Pe(T)rmoo = A [e*T 4 £, )

(154)

r

where hk; is the initial momentum of the electron, h%k?/2m is its initial
energy and h2k‘?‘ /2m is its final energy. The flux in the wave is given by:

_
© 2mi

3(r) " (Vo) = (Ve )¢l (155)

(see (109)). For the incident wave, this gives:
_ hk;

jin A2 . 156
Jin =" 14| (156)
For the outgoing wave:
R L P L
Jout "= 5mi |¥ or or ?
hkg | AP
= — 157
m r2 (157)

The number of scattered electrons in solid angle element dS is: (§ous - 7)r2d<Q.
Therefore, the differential cross-section for scattering is:

A9 (Jour-T)r* kg 9
= T =g P (158)
f is called the scattering amplitude.

If we limit our consideration to single electron transitions, then the total
wave-function can be expressed in terms of product wave-functions for the
colliding electron and the bound transitioning electron. These are still identi-
cal particles, so the total wave-function must be anti-symmetrized. Due to the
exchange terms (see below), we get different answers for the singlet state and
the triplet state. Averaging over the four possible spin states, the differential
cross-section will then look like:

A k[l .0 3 .
—— |z Z 1
e FA AP (159)

where the (+) indicates a symmetric spatial wave-function and the (—) indi-
cates an anti-symmetric spatial wave-function.
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The calculation of the scattering amplitude proceeds as follows: we
write the total wave-function as the sum of anti-symmetrized product wave-
functions for the initial and final states:

= [pF (r1)en, (r2) £ ©Z (r2) s, (r1)]
+ [ r)en, (ra) £ 0F (r2)n, (1) (160)

where <pf ; are the initial and final wave-functions for the colliding electron
and ¢y, , are the initial and final wave-functions for the bound electron. 1
must satisfy the Schroedinger equation:

1 1 1
—=Vi = V34 V(r) + V(re) + — | ¢ = Byt - (161)
2 2 12
Therefore, if we take a scalar product with ¢} (r2) we must get:

1 1 1
12
But

1
573+ V()] onlra) = B ). (163)
and 252
Eioy = Ey, L 164
tot b + 5 (164)

Substitution of (160) into (162) yields

(V3 + K2) i () = 2 [Vailra) o () + Vig(ra)d, (1)

+2 |:/d37’2Ki1‘(7'1;7°2)S0i(7'2)Jr/dgr?Kif(rlvT?)(pcif(T?)] (165)
where

1
| — ) 166
T12’¢b1> ( )

1
Vip = (o, — 167
! <<Pb — sﬂbf> (167)
. 1
Kii(r1,m2) = @5, (r1)0p, (72) [ﬁz — Fio — Ebl} (168)
1
Kif(r1,m2) = @5, (r1)pp, (12) [7,12 — Eior — B, — Ebf] (169)

The terms involving the V'’s are the direct potential terms, the K’s are the
exchange terms. A second similar equation can be obtained (with the i’s and



46 S.M. Kahn

f’s reversed) by taking the scalar product with cpzf in place of o5 in (162). The
result is a set of two coupled equations which can be solved simultaneously
for @cii and gocif given expressions for ¢p, and ¢p,. They are analogous to
the Hartree-Fock equations for a two electron atom. Once the continuum
wave-functions are found, the scattering amplitudes can be computed and
we obtain the cross-section.

The exchange terms can be important at low collision energies, especially
for electric dipole forbidden transitions. At high energies, the continuum
wave-functions, ., and ., oscillate strongly in comparison to the slowly
varying K-functions and so the integrals on the right-hand side of (165) tend
to vanish.

This procedure is still an approximation since we have not allowed the
colliding electron to influence the bound-state wave-functions. One approach
to correcting this is to include in the trial wave-function (160) other terms
allowing for other proper collision channels, involving other sets of bound
excited states. That is called a close coupling calculation since it couples
in other states of the atom. It results in a much larger set of simultaneous
equations, depending on how many channels are included.

At energies well above threshold, a much simpler calculation can be per-
formed using the Born approzimation. Here one assumes plane-wave wave-
functions for both the initial and final continuum states. The transition rate
can be calculated from time-dependent perturbation theory (see (70)) taking
the electron-electron interaction as the perturbing potential:

2

27 e? >
R=22 —— i) 6(E;—E;
- <f Ry (Ey — E;)
. 27 1 3 3 —ikg- * e? * ik;- ?
= [ [ et () e (e

where we have normalized the plane waves over a finite volume V.

Because exchange effects were found to be small at higher energies, one
usually does not need to bother anti-symmetrizing the wave-function. The
total rate is found by summing over the trial states of the outgoing electrons
so that the d-function gets replaced by a density of states factor:

V. [2m
Pr=523 (,ig) k- (171)

The total rate thus scales like 1/V. However, the incident flux is given by
v;/V in this picture, so the total cross-section is independent of the assumed
volume, as expected.

A similar, but somewhat improved calculation can be obtained using con-
tinuum wave-functions of the Coulomb potential of the ion in place of the
plane-waves. This is called the Coulomb-Born method. Even better yet is to
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use the continuum wave-functions derived from the effective central poten-
tial V(r) of the atom. That is the distorted wave approach. Usually distorted
wave radial wave-functions are calculated in a partial wave expansion, sum-
ming over states of definite orbital angular momentum (. Close to threshold,
the energy of the outgoing electron is low and only a small number of terms
in the partial wave expansion need be kept. The maximum [/ required can be
roughly estimated from classical considerations:

L=~pra=l=k;a (172)

where a is the characteristic dimension of the atom. At high impact energies,
many partial waves are required and the plane-wave Born approach provides
a much simpler alternative.

The integral which appears in the plane-wave Born approximation (170),
can be simplified using the Bethe integral:

1A
5 € _4r
/d T A (173)

which implies that the excitation cross-section is proportional to the square
of a matrix element given by:

1 * 1A-T
3 [ e, AT ) (174)

where A = k; — k¢. Note that the expression in (174) can be approximated
by a multipole expansion:

AT 1 4+i(A )+, (175)

entirely analogous to the multipole expansion invoked for radiative transitions
in Sect. 2.10. Here again, A-r ~ k-r &~ v/c, so for non-relativistic electrons,
only the lowest order non-vanishing term usually needs to be considered.
We thus obtain selection rules for collisional excitation between bound lev-
els which are identical to the selection rules for radiative transitions between
those levels. Therefore, transitions that are electric dipole forbidden also have
low cross-section for collisional excitation. The above argument, however, re-
lies on the plane-wave Born calculations, ignoring exchange effects. Generally,
exchange terms dominate the cross-section for higher order multipole transi-
tions.

4.3 Collisional Excitation — Classical Estimate

The discussion in Sect. 4.2 provides a sketch of how accurate collisional ex-
citation cross-sections are calculated using sophisticated atomic codes, but
is not especially helpful for getting quick quantitative estimates of the mag-
nitude of collisional excitation rates. For this, it is more useful to resort to
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simple classical arguments. Imagine a passing electron interacting via the
Coulomb force with one of the orbital electrons in the atom. The momentum
transfer to the bound electron is approximately:

o0 e? [2b 2¢2

v

where b is the impact parameter of the colliding electron, and 7 = 2b/v is the
characteristic duration of the interaction. Thus, the energy transfer to the
bound electron is:

(Ap)* 2!

AFE ~ ~ .
2m mb2v?

(177)

The energy transfer must equal the energy of the excitation AE =~ E,,,,
where we are considering a transition from initial state m to final state n.
The cross-section at impact parameter b is o ~ wb? so:

2met met
T 2By BB (178)
where E, is the energy of the colliding electron. In atomic units:
4a’
mn(Be) & ——9— 179
On(B) ~ (179)

where ag is the Bohr radius.

It is traditional to express the cross-section in terms of a collision strength
Qmn which is specific to the transition, but relatively independent of the
electron energy:

(E) = g g, (180)
Jmn — nge mn
where g,, is the degeneracy of the initial state. One thus sees that classically
Qn =~ 49m/Enm. The quantum mechanical treatment (for electric dipole
transitions) gives:

Qrn _ 8771- fmng
where f,,, is the dipole absorption oscillator strength for the transition, and
g is a Gaunt factor which is & 1 for An = 0 transitions, and = 0.2 for An # 0
transitions.

In thermal plasmas, collisional excitation can be characterized by a rate
coefficient Cy,,, (T'), which is a function of electron temperature and is specific
to the transition. The rate of collisional excitations for transition m to n per
unit volume is given by nen*C,,,, (T') where n. is the free electron density and

n;" is the density of the relevant ion in state m. In terms of the cross-section:

(181)

Coon(T) = / ” doof (0, T)omn (v) (182)
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where vg = (2E,,,/m)*/? is the threshold velocity for the transition and
f(v,T) is the Maxwellian velocity distribution appropriate to a thermal
plasma:

m 3/2 —mu?
f(U,T) =47 (m) U2€ /2kT . (183)

The integration yields:

2 1/2
e % 2kT @ _Enln/kT
Cmnl(T) = (gm ) (Wme> ( kT fne

8.6107°
m

T=Y2Q,, e Ern /KT em3 /s (184)

where T is now in K.

The inverse of collisional excitation is collisional deexcitation. The princi-
ple of detailed balance asserts that in thermodynamic equilibrium, the rates
for a process and its inverse must be equal. The rate for collisional excita-
tion is nen*Crn(T). The rate for collisional deexcitation is nen?Chp, (T).
But in thermodynamic equilibrium, the level populations are related by the
degeneracies and the Boltzmann factor:

T In B /KT (185)

m
n; Im

Thus:

Coum (T) = Cop (T) L2 Brin /KT

n
-6
= ﬂT—l/QQnm cm?® /s (186)
In

where Q. = Qmn. Note that for isoelectronic sequences, €2, scales like
E;} ~ Z72. In contrast, we saw earlier (Sect. 3.3) that radiative decay rates
scale like Z%. Thus, for X-ray emitting plasmas, whose spectra are domi-
nated by higher Z ions, we need very high electron densities before collisional
deexcitation competes with spontaneous radiative decay.

4.4 Collisional Ionization

Collisional ionization is essentially the same process as collisional excitation
except that the final state of the initially bound electron is now also a contin-
uum state. The general quantum formalism outlined in Sect. 4.2 can clearly
be applied to this case as well. With two continuum states in the final state,
the square of the matrix element in (170) is proportional to 1/V? instead
of 1/V?2 but there are now two density of states factors instead of one, so
the final expression for the cross-section is still independent of the assumed
volume.
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As in the case of collisional excitation, there is a simple classical calcula-
tion that can be invoked to provide a rough estimate of the cross-section. This
is originally due to Thomson and dates back to 1912 (before the discovery
of the electron!). Thomson calculated the energy transfer between two same
charges, assuming one is initially at rest:

E

AE = TR (187)

e2

where E is the energy of the colliding electron and b is the impact parameter.
Setting AE > x, where x is the ionization potential of the atom, one finds

b < b., where:
1/2
e (B
be=—=|—-1 . 188
E (X ) (15%)
The cross-section is thus given by:
1 (E 1 (FE
U:Wbi:ﬂ'e2ﬁ (X—1> :(47ra(2))E2<X—1) (189)

where the last expression is in atomic units, with E given in Rydbergs. This
is a classical ionization cross-section per electron. It must be summed over
all the electrons in the atom, using the appropriate x value for each atomic
shell and only including shells for which £ > y.

This Thomson exchange cross-section provides a surprisingly good esti-
mate of the true cross-section for E >> y, but it gives a significant overesti-
mate near threshold. This is due essentially to two effects:

1. The calculation ignores the initial binding energy of the target electron;
2. It does not allow for the possibility that if too much energy is transfered,
the colliding electron itself becomes bound.

Hutchinson [7] suggests a simple modification that partially corrects for these

two effects: . 5
—dra?—— (= -1 1
7=ty () (190)

where E is an adjustable parameter which is approximately a few times x.

The cross-section given in (190) can be integrated analytically over a
Maxwellian distribution (as in 182) to yield a rate coefficient. The result
involves an exponential integral, but Hutchinson shows that to a good ap-
proximation one obtains:

SkT\'? Ry
C(T) = <JU> = 47'('@(2) (m) WZJEJ'_)e_X/kT |:1 — 6_(X+E+)/kT:|

2 1/2
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+

(191)
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Similar (but not identical) formulae have been derived empirically from fits
to experimental data by Lotz [8] and others. These generally agree with one
another to within a factor of two.

The inverse of collisional ionization is 3-body recombination. However,
since this process involves the collision of two electrons with the atom in the
same interaction, it is usually only important at very high densities (n. >
10 ¢cm~3?), which rarely apply to X-ray emitting astrophysical plasmas.

4.5 Radiative Recombination

Radiative recombination involves the capture of a free electron, accompanied
by the emission of a photon with energy given by:

hwpn = E 4 Xn (192)

where F is the initial energy of the electron, and x,, is the ionization potential
of the level into which the electron is captured. Since this is a radiative
process, it may be calculated using the techniques outlined in Chap. 2. In
particular, we can get a quick semi-quantitative estimate of the cross-section
from a classical treatment, where we view radiative recombination as a kind of
discrete limit of classical bremsstrahlung, the radiation emitted by an electron
as it is accelerated in the Coulomb field of an ion. The energy emitted per unit
frequency per unit time per unit volume due to bremsstrahlung by electrons
of velocity v is given by:

aw 167eb
dwdVdt — 3v/3c3m2v

where n, is the electron density, n; is the ion density, Z is the charge on the ion
and ¢ is a Gaunt factor of order unity (see [2]). For radiative recombination,
the final state of the electron is discrete, so the energy radiated must all come
out at a single frequency given by (192). We may thus write:

neni Z*g (193)

aw, 167eb
dVdt o 3\/§c3m2fu

where (Aw,,) is the frequency difference between two neighboring shells.
Adopting an “hydrogenic approximation” for the energy levels:

neniZQQ(Awn) (194)

Z°R
Xn =~ 7@! (195)
27°Ry  2xn
We define a cross-section o, (v) by setting:
aw,
W, = nenivoy, (v)hw, . (197)

avdt
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Plugging in the relevant expressions from (192), (194) and (195) and solving
for opv yields:

- 1675 22%g 2Xn 1
©3VBe3m2 n (dmo? +xn) v

(198)

on(v)v

Finally, averaging over a Maxwellian velocity distribution yields a rate coef-
ficient as a function of temperature:

- Xn ) ?/2 Xn -
a(T) = <Un(v)v> ~ (5.2 10 14)922 (ﬁ) eXﬂ/kTEi(ﬁ) Cm3S 1
(199)

where F;(z) is the exponential integral.

To get more accurate estimates from a quantum mechanical calculation,
it is usually easier to first calculate the photoionization cross-section and then
resort to a detailed balance argument to find the cross-section for radiative
recombination. Let opr(w) be the photon cross-section for photoionization
at frequency w and let ogr(v) be the electron cross-section for radiative
recombination at electron velocity v. As we have seen, w and v are related
by energy conservation (192) with E = 1/2 mv?. Let n; be the density of the
ith ionic species and n;41 be the density of the one higher ionization state.
Then the rate of recombinations per unit volume in the velocity range v to
v + dwv is given by:

dRRr(v) = neorr()vf(v)dvn;iq (200)

where f(v) is the Maxwellian electron distribution in velocity. The rate of
photoionizations per unit volume in the frequency range w to w+ dw is given
by:

F(w)dw
hw
where F(w) is the energy flux per unit frequency in the radiation field. In

thermodynamic equilibrium, this is given by the expression:

dRpy(w) = opr(w)n; (1 — e /) (201)

hw? 1
72c2 (ehw/FT 1)

F(w) = (202)
(see Sect. 5). The last factor which appears in (201) is a correction for stim-
ulated emission — in thermodynamic equilibrium, there are always photon-
induced radiative decays in addition to spontaneous radiative decays. Thus
(201) gives a net photoabsorption rate. Using the expression we had earlier
for the Maxwellian distribution (183), and equating the rates in (200) and
(201) yields:

TPI) _ Mol (10N gt fana e 80 oy
orr(v) ng 2rkT dw
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But 1/2 mv? — hw = —x and dv/dw = (dw/dv)~' = h/muv. The ratio of the
densities is given by the Saha equation which we will introduce in the next
chapter:

NeMit1  2git1 (ka)3/2 /KT
= e (204)
mn; g; 27Th2
where g; 11 is the degeneracy of the final state of the more highly ionized ion,
and g; is the degeneracy of the less ionized ion (see Sect. 5). Collecting terms
yields:
opr(w) m2ctv? g4
orr(v)  h2w? g
which is called the Milne relation.

The quantum mechanical calculation of photoionization cross-sections was
discussed in Sect. 2.8. For hydrogen-like ions, we can obtain an analytical
expression. Averaging over [, the cross-section for ionization out of the nth
shell is given by:

(205)

64a Z* [ Ry\®
on(w) = 33/2 15 <hw> Tagg (206)

[if hw > Z2Ry/n? and is zero otherwise] where g is again a Gaunt factor
of order unity. The w™2 dependence is also typical of photoionization cross-
sections of more complex atoms. The monochromatic emissivity (energy ra-
diated per unit volume per unit frequency) associated with recombination
radiation is given by:

aw do o\ 1/2 0
didway = Meriri(w)vf(v)orr(v) o~ = <7T> e

3 2 N\ 3/2
X <h;J> (mékT) ficopr (w) e~ "/FTeX/RT(207)

Notice that for op;(w) ~ w™3, the frequency dependence is essentially expo-
nential above threshold.

4.6 Dielectronic Recombination and Autoionization

Dielectronic capture involves the capture of a free electron into a bound level
with the accompanying excitation of a core electron. The resulting recom-
bined atom is doubly excited. It can decay by autoionization, ejecting the
captured electron back out into the continuum. In that case, there is no net
change in the level of ionization of the atom. However, the doubly excited
atom can also decay radiatively, thereby lowering its total energy below the
ionization potential of the recombined atom. When this occurs, the recom-
bination is complete and the atom is left in a stable configuration with one
extra electron. The complete process — dielectronic capture followed by ra-
diative decay is usually referred to as dielectronic recombination. This can be
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a very important process in astrophysical plasmas, especially for ions, as we
shall see shortly.

Let’s first consider the inverse process, autoionization. Its rate (from time
dependent perturbation theory) is given by:

sl
| ri =75 |

where f and 7 represent the appropriate product wave-functions for the two
electrons involved in the interaction in the initial and final states. Note that
in the final state, one of the electrons is in a continuum state. Since the con-
tinuum states have wave-functions which are normalized to a delta-function
in energy, this wave-function has units of energy—!/2. Therefore, the square
of the matrix element has units of energy, not energy-squared, as one would
otherwise expect. When divided by £, it gives a finite rate.

The matrix element which appears in the autoionization decay rate (208)
is the same matrix element one would use to calculate the configuration
interaction between the doubly bound level and the continuum level with
equal energy. In some sense, autoionization is a consequence of configura-
tion interaction. The diagonalized eigenstate of the perturbation is then a
superposition of the initial discrete state and a range of continuum states:

27 2

Ao=— (208)

'l/} - awdiscrete + /dEb(E)wcontznuum(E) (209)

with the coefficient a and b(F) determined by the configuration interaction
matrix-element. It can be shown (see [1] pp. 526-535) that the width of the
function b(FE) is given roughly by A,h, as one would expect based on the
energy-time uncertainty principle. The autoionization process by assigning a
finite lifetime to the doubly excited level, broadens this level into a narrow
continuum whose width is inversely related to that lifetime.

The presence of the configuration interaction also gives rise to character-
istic absorption line profiles for photoionization in the vicinity of autoionizing
resonances. The continuum state can, of course, be reached by photoexcita-
tion of a core electron. If there were no configuration interaction, these two
processes would be distinct and the photoabsorption spectrum would con-
sist of a discrete absorption line on a photoionization continuum, as shown
in Fig. 4, left panel. However, with configuration interaction, the final state
wave-function is as given in (209), and we get interference between the two
channels. The photoabsorption spectrum in this case looks like Fig. 4, right
panel, which is called a Beutler-Fano absorption profile. Such features are ex-
pected in the extreme ultraviolet spectra of nearby white dwarf stars due to
photoabsorption by neutral helium in the intervening interstellar medium [9].
The features so far observed have been associated with autoionizing reso-
nances of neutral helium.



Soft X-Ray Spectroscopy of Astrophysical Plasmas 55

AN

(¢10)) cw \/

o hw

Fig. 4. Spectra without configuration interaction (left) and Beutler-Fano profile
(right)

Note that using the simple Z-scaling arguments we invoked earlier, au-
toionization decay rates are roughly independent of Z for isoelectronic se-
quences. This is because the outgoing continuum wave-function is propor-
tional to E~1/2 ~ Z~!, while the perturbation Hamiltonian ~r—1 ~ Z11.
Thus, the matrix element is ~Z9. This means that autoionization is extremely
important for low Z ions, but becomes less and less important in comparison
to radiative decay for high Z ions. We will return to this shortly.

We can derive a rate coefficient for dielectronic capture by resorting to
detailed balance arguments. The process is resonant, so the cross-section is
actually infinite at the velocity which satisfies energy conservation:

1
5mvg =E* — By (210)

where E}* is the energy of the doubly excited recombined ion, and E;1 is
the energy of the ground-state of the initial ion. That is:

0ac(V) = aged (v — ve) (211)

where ag. has units of cm3s~!. If n;y; is the density of i + 1 ions in the
ground state, then the rate of dielectronic captures per unit volume per unit
time is given by:

o m \3/2
Rgc = /d?’vnemﬂvadc(v)f(v) = drnenipragevie” " (27rkT)
(212)

where f(v) is the Maxwellian distribution given in (183). If n}* is the density
of i ions in the doubly excited state, then the autoionization rate per unit
volume is:

Routo =" A, . (213)

These rates must be equal in thermodynamic equilibrium. But, in thermody-
namic equilibrium, the level populations are given by:

ok sk
i gLe—(E?*—Ei)/kT (214)
i Gi
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where n;, g; and E; are the density, degeneracy and energy of the ith ion

in the ground state (see Sect. 5), and the ionization structure n.n;i1/n; is
given by the Saha equation:

(215)

neNit1  2giv1 [ mkT 32 /KT
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where x = F;4+1 — E; is the ionization potential for the ith ion. Collecting

terms gives:

. ho\?
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Not surprisingly, the temperature drops out since dielectronic capture and
autoionization must be related by fundamental constants.

The dielectronic capture rate is obtained by plugging (216) back into
(212):

9;" h? 37 2/2kT
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de = Tellit 2941 (QkaT) ‘ (217)

To get the dielectronic recombination rate, as opposed to dielectronic capture

rate, we must multiply the expression in (217) by the probability that the

doubly excited atom stabilizes radiatively. Quite generally, this probability

is given by the ratio of the sum of all radiative decay rates from the excited
state to the sum of all radiative plus autoionizing decay rates:

E: flr
YA+ AL

Usually, however, there is only one dominant decay channel in each case,
which involves the decay of the core excitation. Thus, the dielectronic rate
coefficient becomes:

*ok 3/2
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Rar ~ nentivig — (27kaT> c A, + A, (219)

Probability of stabilization = (218)

The factor in parenthesis has a maximum when A, = A,.. Hence, dielectronic
recombination is efficient when the rates for autoionization decay and radia-
tive decay of the core excitation are approximately equal. Since A, ~ Z° and
A, ~ Z*, this is primarily the case for high-Z ions.

We can get a further quantitative feel for how these rates compare by
again using a semi-classical treatment. Note that the dielectronic capture
process is very similar to collisional excitation, except that the final state of
the colliding electron is now a bound state rather than a continuum state.
We should therefore be able to get a rough idea of the rate coefficient for this
process by extending our earlier classical treatment of collisional excitation to
energies below threshold. Recall that our earlier expression for the excitation
cross-section was given by (180):
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2
a,
Omn(E) = ngean . (220)

For capture into principal quantum number n, we can integrate this expres-
sion over the velocity range between neighboring Rydberg levels to yield an
estimate for ay. associated with this core excitation:

27%Ryd _ met Z%Ryd
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But Qij/gi = Qﬁ/\/gfijg/Eij (181) and
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(Equation 113). Plugging these expressions in and equating afﬁn from (221)
to a from (216) we obtain:

Al 12 g1 _Z° (Ryd ’ 1
X Ve Tw \By) @

Note that since F;; ~ Z2, this ratio scales like Z~%, as expected from our
earlier discussion. Taking all other features to be of order unity, with F;; ~
Z2Ryd, this ratio is found to be ~Z~%a~3. Setting it equal to unity (for
maximum dielectronic recombination efficiency) then implies Z =~ 40. So we
see that dielectronic recombination becomes important only for the higher-Z
elements, most notably iron.

(223)

5 Types of Equilibria

In most astrophysical settings, some form of equilibrium applies, in which
there is a balance between competing processes, e.g. heating and cooling,
ionization and recombination, excitation and deexcitation, etc. The nature
of the equilibrium has a very important effect on the emergent spectrum.

There are three “systems” which may or may not equilibrate with one
another:

— the kinetic distributions of the electrons and ions;
— the atomic level populations;
— the radiation field.

We say that we have strict thermodynamic equilibrium when all three systems
are characterized by statistical distributions at the same temperature 7. In
particular, for this case, the radiation field is characterized by the blackbody
distribution, so the spectrum is especially simple. For absolute equilibrium,
the temperature T', must also be independent of spatial position within the
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gas. However, as long as the scale length for temperature variations: 7'/ |VT]
is long compared to all relevant mean free paths for particle and photon
interactions, it is appropriate to talk about strict local thermodynamic equi-
librium, where T' = T'(r).

The more common term, local thermodynamic equilibrium (LTE) usually
applies to the situation where the particle distributions and level populations
are in equilibrium, but the radiation field is not, i.e. the scale lengths of the
system are not sufficient to trap emitted photons and enforce thermalization.

5.1 Properties of LTE

In LTE, the population of a given energy level is proportional to the degen-
eracy in that level and a Maxwell-Boltzmann factor e £/*T. This gives rise
to:

The Mazwellian velocity distribution for free particles

n)dv 5 m \3/2 _m?
" = 47v (m) e 2kT dU, (224)

The Mazwell-Boltzmann distribution for level populations

n? g? Bf-B§
L — o~ —FT 225
n:  U(T)° : (225)

where U#(T) is the partition function:

z z
Ej —Ej

UHT) = g;e” T (226)

and The Saha equation for the ionization balance

[<

nen*t 2UFTN(T) (2rmkT)3/? _ x:
U B

S

(227)

ek

The definition of U*(T") can be problematic. For example, for H-like atoms

gn = 2n° (228)
T () (229)
= U*(T) — oo ; (230)

we must truncate the expansion at some high Rydberg level. This is usually
a function of the particle density, due to the effects of neighboring charges.

In LTE, the prediction of the emergent spectrum requires the solution of
the radiative transfer equations
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dr,
S eI, +S, (231)
d’f'u
Jv
, = 232
S =1 (232)
dr, = k,ds (233)

Here, I, is the specific intensity of the radiation field, j, is the emissivity of
the gas, and k, is the opacity, all of which are functions of the position along
the path of propagation s. S, is called the source function.

For discrete lines:

. hv nm
Inm = 4nm gmnnA (p(y) (234)
™
knm, - gmnm(fmn(y) - gnnngmn(y) (235)

But from radiation theory, we found:

872 2
Anm = T@fﬂm’/2 (236)
1 2
Ton (V) = (V) = = o fom (237)

3 mc
and, relating the level populations using the Maxwell-Boltzmann distribution
(225), we get:

jnm 2h7/3 1
Snm = 97— = — 5% =By, (T 238
Emn 2 (ehvam/FT — 1) (1) (238)

which is the blackbody function evaluated at the frequency of the transition
Vi)
Looking inward to an optically thick medium at constant temperature,
(231) implies:
I(r,) =B, (T)(1—e"™) (239)

The line intensities are “limited” to the blackbody intensity evaluated at the
local temperature.

For the approximation of LTE to hold, we need the rates for collisional
deexcitation of discrete levels to be comparable to the rates for spontaneous
radiative decay:

NeCrm(T) ~ Apm (240)
= 1, ~ 910°TY2(6 )3, om™ (241)

In astrophysical settings, such high densities are only reached in the at-
mospheres of compact objects like white dwarfs and neutron stars.

When the assumption of LTE is invalid, the calculation of the emergent
spectrum can be much more complicated. In general, we have to explicitly
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Fig. 5. An illustration of the limitation of line intensities to the blackbody intensity
for cases where LTE holds

account for all microphysical processes that feed and deplete the individual
quantum levels. The most general, time-dependent equations are of the form:

dn? z 2
tz = —n; Z Rij + /ank Ry (242)
j z

d

where the R’s represent the rates for collisional and photon interactions cou-
pling levels within the same charge state and in neighboring charge states.

5.2 Coronal Equilibrium

Equation (242) is difficult to solve because of the requirement for inclusion of
such a large array of diverse processes. Therefore, it is useful to adopt some
approximations, applicable to particular cases. One of the most important
sets of approximations applies to the case of coronal equilibrium, sometimes
also referred to as collisional ionization equilibrium.

There are three basic assumptions underlying this limit:

— Excitation and ionization are dominated by electron-ion collisions. Deex-
citation is dominated by spontaneous radiative decay.

— Densities are low enough so that atoms are always in their ground states.

— The radiation field has a negligible effect on the atomic populations, and
the plasma is optically thin, so photoabsorption and scattering can be
ignored.

Sources of applicability for these assumptions include: stellar coronae, the
shocked gas of older supernova remnants, and the intracluster media of galaxy
clusters.

The charge state distribution in coronal equilibrium is determined by a
balance of collisional ionization and radiative and dielectronic recombination:
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dn
dt

= _nenz(cz + az) +NeNzp10241 + nen,—1C._1 (243)

Here C, represents the rate coefficient for collisional ionization (see Sect. 5.4),
and «, represents the combined RR + DR rate coefficient for recombina-
tion (Sects. 4.5 and 4.6, respectively). Note that the characteristic timescales
for equilibrium to be established are ~(n.C)~! or ~(n.a)~!. These can be
larger than 103 yr for n, < 1em™3, as found in young supernova remnants.
Since this age exceeds the age of the remnant (for the most recent super-
novae), the shocked gas that we observe for these cases may still be ionizing,
and the charge balance may be far from equilibrium. A similar situation can
be found during weak flares in stellar coronae. Here the electron density is
closer to n, ~ 10'° cm ™3, so the equilibration time is of order a few seconds,
comparable in some cases to the duration of the flare.

However, if equilibrium is established, so that the left-hand side of (243)
vanishes, the electron density n., drops out of the equation, and the resulting
steady-state ionization structure becomes a function only of temperature.
This turns out to be also true of the discrete spectrum. Specifically, since we
are assuming that the atoms are “always” in the ground state, the populations
of upper levels are given by the ratio of collisional excitation rates from the
ground level, to the spontaneous radiative decay rates back down:

e T
ny = Merunz() (244)
Aoy
and the line emissivities become:
€21 = neN1yo1 (T)Erg (245)

where v12(T") is the collisional excitation coefficient (Sect. 5.3), and Ejo is
the energy of the transition. The density of the ion in the ground state is
given by n1 = Aciem fz(T)ng, where Agjen, is the abundance of the element
relative to hydrogen, and fz(T) is the steady-state ion fraction, as discussed
above. It is useful to define a line power for the transition: Py, = eZl/nz. We
thus get:

Py (T) = <T;LH> Actem f=(T)112(T) Erz (246)

€

3.1

which is typically expressed in units of erg cm”s™".

Actually, the “two-state” model discussed above is too simple, since im-
portant contributions to upper level populations can also come from ground-
state excitations to higher levels, which then radiatively decay to intermediate
states. However, even these more complicated “channels” can still be incorpo-
rated via the definition of more general, effective excitation rate coeflicients
that include these terms. A number of coronal equilibrium “spectral synthe-
sis” codes have been developed over the years to provide these line power
calculations, and some are in widespread use in the community. The largest
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residual uncertainties in these codes generally involve the treatment of the
DR rates, and the completeness of the line lists.

For an intermediate charge state, the ion fraction, fz, peaks in temper-
ature at some particular value. The excitation rate coeflicient, 7, generally
increases across the range of temperatures where the ion exists in appreciable
abundance. Therefore, the line power, P, exhibits a peak at a temperature of-
ten called the temperature of formation, Ty. The presence of a particular line
in the spectrum implies the existence of plasma at or near the temperature
of formation for that line. The modulation of line powers by the temperature
dependence of the ion fraction thus gives us a crude temperature diagnostic.

The measured line flux for a collisional plasma is given by:

e—NHO'(Egl) 5
Fy = — /dVdTne (T, V)P (T) (247)
G*NH(T(EZI) 9
~ WPA(T;-) / dVnZ(Ty) (248)

where e~ V#7F21 i5 the attenuation factor through the interstellar and circum-
source media, and d is the distance to the source. The integral that remains
in (247) is called the volume emission measure, VEM (Ty). As indicated, it
is a function of temperature. For an assumed set of abundances, and a given
column density, Ny, the shape of the emergent spectrum for a coronal plasma
is given completely by the shape of the volume emission measure distribution.

5.3 X-Ray Photoionization Equilibrium

A quite different set of approximations applies to the case of photoionization
equilibrium, where the presence of an intense continuum radiation field has a
significant effect on the ionization and thermal structure of the surrounding
gas. The electrons are generally too cool to excite prominent X-ray lines in
this case, and excited levels are instead populated by direct recombination, by
radiative cascades following recombination onto higher levels, and by direct
photoexcitation from the continuum.

These conditions are typically found in the circumsource media of
accretion-powered sources, such as X-ray binaries and active galactic nuclei.
For example, in the accreting gas surrounding an X-ray binary, the energy
density in the continuum radiation field is given by:

U, ~3.710% erg cm ™ (249)

~ inR2c
where we have taken L ~ 103®ergs™, and R ~ 10" cm. In contrast, the

thermal energy density in the electron distribution is given by:

Ue ~ gnekT ~ 2.4erg cm™® (250)
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Fig. 6. The power radiated (¢/n?) of a cosmic abundance plasma as a function of
temperature in coronal equilibrium. The contributions of the individual elements
are indicated. Line radiation dominates at temperatures below 107 K

for typical values of the electron density and temperature, n, ~ 102 cm™3,
kT ~10eV.
In photoionization equilibrium, the ionization structure is determined by

the balance between photoionization and recombination.
00 FE
n, dEfO’Z(E) =nenyy10,41(T) (251)
0

where Fg is the differential continuum flux, in units of erg cm™2 s~ ! keV~!,
0,(E) is the photoelectric cross-section as a function of energy (Sect. 3.8),
and a,41(7T) is the recombination coefficient, again including both RR and
DR contributions. The equilibrium temperature is determined by the solution
of the equation of energy balance, where the rate of energy injection is due
to photoelectric heating, and the rate of energy loss is due to radiation:

> FE z,elem
Z Nz,elem dEFO—Z’Elem(E) (E - Et;n’esh)
0

elem,z

= Z nenz,elem/lz,elem (T) (252)

elem,z
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In the optically thin limit: Fg = ﬁ f(E), where f(FE) is a normalized func-
tion containing the details of the spectral shape of the irradiating continuum.
In addition, we can write n; ciem = Aciem fznm, and ne = peny, where pi,
the mean number of electrons per hydrogen atom, is only a weak function of
gas parameters. Therefore “environment specific” factors are all embodied in
a single quantity
L
= 7
nR
which is usually referred to as the ionization parameter. Given the specifica-
tion of this ionization parameter, the self-consistent solution of the ionization
and energy balance equations yield the f, (&) values for all the elements, and
T(€). A variety of codes are in widespread use to calculate these quantities.
Plots of the ionization structure of iron as a function of temperature for
conditions of coronal equilibrium and photoionization equilibrium are shown
in Fig. 7. Two important features are immediately apparent from this figure:

(253)

— First, the “dominance of closed shells” is much less obvious in the case
of photoionization equilibrium. Given the big jump in ionization poten-
tial following the removal of all the electrons in a closed shell, the closed
shell charge states (e.g. Ne-like and He-like) dominate over a wide range
of temperature for a plasma in coronal equilibrium. However, for a pho-
toionized plasma, photoionization out of inner shells (L-shell and K-shell)
plays a significant role for the hard irradiating spectra characteristic of
accretion-powered sources. This process is essentially unaffected by the
removal of outer valence electrons, eliminating any important distinction
between open shell and closed shell charge states.

— Second, the gas is significantly “overionized” relative to the electron tem-
perature in a photoionized plasmas. For example, Ne-like iron (FeXVII)
peaks at kT. = 10eV in the photoionized case, while for the coronal
plasma Ne-like iron peaks at kT, = 400eV.

The significantly different temperatures appropriate to a given charge state
for coronal and photoionized plasmas lead to several important characteristic
differences in the emergent X-ray spectra. For a coronal plasma, kT ~ x, the
ionization potential of the ion, and §F, the characteristic energies of the line
excitations. The lines are formed primarily via collisional excitation from
the ground state. The brightest lines are E1 transitions, or those “fed” by
E1 transitions. In a photoionized plasma, kT < x and dE, so the electrons
have insufficient energy to collisionally excite X-ray lines. Instead, lines are
formed mostly by radiative cascades following recombination. Recombination
flux tends to distribute evenly among all the available levels. Hence, the
brightest lines tend to come from ions with the fewest states in the upper
level configuration (e.g. K-shell ions). In addition, the cascades “rain” into
the lowest lying excited levels. Therefore, lines from these levels are usually
quite bright. Often, these are higher order multipole transitions, with low
collisional coupling strengths to the ground.
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Fig. 7. Plots of the ionization structure of iron as a function of temperature for
coronal equilibrium (top), and photoionization equilibrium (bottom). The element
symbols refer to the isoelectronic charge state of iron, e.g. the curve labeled O refers
to oxygen-like Fe (figure courtesy of Masao Sako)

However, the most useful spectroscopic diagnostics for distinguishing coro-
nal equilibrium from photoionization equilibrium are the narrow radiative
recombination continua (RRC’s) expected for the latter case. In Sect. 4.5, we
found that RRC’s are described by

3 9 3/2
W ~ <h;:) UPJ(w)( X ) eX/KT =hew/kT (254)

dtdwdV mc2kT

For a coronal plasma, kT ~ x ~ hw. The RRC’s are broad and do not have
high contrast relative to the accompanying bremsstrahlung continuum. On
the other hand, in a photoionized plasma, kT < x and Aw. For this case, the
RRCs are strong and fall off steeply with increasing energy. They resemble
“lines” at moderate resolution. The relative width of this feature is a good
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Fig. 8. Plots of characteristic emergent soft X-ray spectra for conditions appro-
priate to a coronal plasma top and an X-ray photoionized plasma bottom. Note
that the coronal spectrum is more “rich”, due to the greater prominence of the
Fe L complex in that case. The photoionized spectrum is dominated by lines from
lower-Z K-shell elements, and by low temperature radiative recombination continua
(figure courtesy of Masao Sako)

temperature diagnostic, and, if the width is larger than predicted, can signal
the presence of extra sources of heating in the gas.

This is illustrated in Fig. 9, which shows the predicted spectrum of neon in
a photoionized plasma for electron temperatures of both 10eV and 50eV. The
former is the expected temperature for these charge states, if photoelectric
heating provides the only form of energy injection in the gas. The latter might
apply if there are other sources of heating which contribute. As can be seen,
the discrete line spectra look very similar for the two cases. However, the RRC
(near 9A) is much broader and less pronounced at the higher temperature.

With the launches of the grating spectrometers on the Chandra and XMM-
Newton observatories, we now have clear detections of these features in many
sources. A particular dramatic case is illustrated in Fig. 10, which shows the
spectrum of the bright Seyfert 2 galaxy NGC 1068, as obtained with the re-
flection grating spectrometer on XMM-Newton [10] As can be seen, the spec-
trum is rich in emission lines, especially H-like and He-like lines of carbon,
nitrogen, oxygen, and neon. The RRC’s from most of these species are la-
beled in the figure. They are narrow, indicating a low electron temperature
of a few eV, characteristic of a photoionized plasma. In NGC 1068, the soft
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Fig. 9. Plots of the expected spectra of H-like and He-like neon in photoionized
plasmas with electron temperatures of 10eV top, and 50 eV bottom, but with similar
ion fractions. Note the differences in the RRC’s for the two cases (figure courtesy
of Masao Sako)

X-ray spectrum is produced in an ionization cone, which is irradiated by an
intense X-ray continuum emanating from a central obscured nucleus.

5.4 Thermal Instability in Photoionized Plasmas

It has been known for many years that X-ray photoionized plasmas can be
thermally unstable in certain regions of ionization parameter space. Typically,
this is represented by means of an “S-curve”, a plot of the temperature, de-
rived by solving the equation of energy balance (252), versus an ionization
parameter 2= = F/n.,T ~ &/T. An example is shown in Fig. 11. On the
curve itself, the heating rate is equal to the cooling rate, so the gas is in
thermal balance. To the right, heating dominates over cooling, as indicated,
while to the left, cooling dominates over heating. On branches of the curve
which have positive slope in this figure, the gas is thermally stable. Small
perturbations upward in temperature increase the cooling, while small per-
turbations downward in temperature increase the heating. However, on the
branches which have negative slope, the gas is thermally unstable. A small
perturbation upward in temperature increases the heating, causing further
temperature rise, while a small perturbation downward increases the cool-
ing. Many different calculations of these effects exist in the literature, and
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Fig. 10. XMM-Newton reflection grating spectrum of the prototypical Seyfert 2
galaxy NGC 1068 [10]. Features of H-like and He-like ions from carbon to silicon, as
well as significant emission due to Fe L-shell transitions, dominate the spectrum of
its active nucleus. Bright, narrow RRC’s point unambiguously to the predominance
of recombination in a photoionized plasma. Strong higher order Rydberg transitions
(np — 1s) are also present, implying the presence of photoexcitation as well

the resulting S-curves show a lot of variations, even for similar assumptions.
However, most show some degree of thermal instability in similar regions of
(2, T)-space.

The thermal instability has important spectroscopic implications. Growth
rates are ~kcs where k is the wave number, and ¢, is the sound speed, up
until a maximum value of k, the inverse of the so-called “Field length”, where
they saturate due to the increasing importance of thermal conduction. The
medium is expected to “break” into multiple stable phases, which can coex-
ist in pressure and ionization equilibrium. Gas in an unstable phase should
quickly disappear, unless it is replenished on a timescale comparable to the
inverse of the growth rate. We do not expect to see emission lines character-
istic of ionization parameters in the unstable regimes.

The instability arises because of ionization through various atomic shells,
which acts as a type of phase transition. The criterion for instability is:

(2% H>> <0 (25)
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Fig. 11. The phase diagram for a photoionized gas with cosmic abundances irra-
diated by a 10keV bremsstrahlung spectrum (figure from [11])

where C represents the complete set of cooling processes, and H represents
the complete set of heating processes. Continuum and bound-state processes
contribute to both C' and H, but the latter dominate in the region of insta-
bility. To see the effect of ionization, it is useful to group charge-states for a
given atomic shell, e.g. Fe L, Si K etc., but to also distinguish between two
types: “X-ray ions”, such as Fe L, O K, Si K, Fe K, in which x ~keV > kT,
and “EUV ions”, such as Fe M, O L, He K, in which x < 100eV < kT..
For the X-ray ions, the primary heating contribution is due to the photo-
electric effect:
H = niCpE <e> (256)

where (pg is the photoionization rate per ion, and <e > is the mean energy
released in the photoelectron. The primary cooling contribution is due to
radiative recombination:

C = neniHaR(Te)kTe . (257)

Because the gas is in ionization balance, the photoionization rate must be
equal to the recombination rate:

ni(pPE = NeNit1QR (258)

In addition, <e¢ >~ x > (kT.), so H > C. As the ionization parameter is
increased, so that we ionize through an atomic shell, both H and C initially
rise and then fall. One finds that this shell contributes a negative term to
the partial derivative in (256), during the rise and a positive term during the
fall. Thus, each atomic shell contributes both an unstable and a stable lobe.

For the EUV ions, the same analysis holds, but in this case: kT, > <
g€ >, so that C' > H, and the contribution is positive during the rise and
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negative during the fall. The net thermal stability is determined by the sum
of the contributions from all of these atomic shells. The situation can be
quite complex, because the stable and unstable lobes contributed by the
different elements occur at different temperatures. One finds that there are
“near cancellations”, which makes the total stability quite sensitive to details
related to the elemental abundances and the shape of the ionizing spectrum.
This can be beneficial, because we can exploit this sensitivity to derive strong
constraints on physical conditions in the gas, if the signatures of thermal
instability are visible in the spectra.

6 Discrete Line Diagnostics

The relative prominence of various emission line features in cosmic X-ray
spectra is determined principally by the abundances of the different elements,
and the locations of the K- and L-shell complexes associated with these ele-
ments within the X-ray band. Scaling from the H-like isoelectronic sequence,
the energies of the K-shell features are given roughly by:

Ex ~ (10eV)Z?%, (259)
while the energies of the L-shell features are approximately:
Ep ~(1.5eV)Z%. (260)

If we define the conventional soft X-ray band to cover the range 100eV <
E < 10keV, we see that it includes the K-shell features of beryllium (Z = 4)
through gallium (Z = 31), and the L-shell features of oxygen (Z = 8) through
thallium (Z = 81).

A plot of standard cosmic abundances as a function of atomic number
appears in Fig. 12. Several features should be noted:

— Theabundances drop precipitously with increasing Z above carbon (Z = 6).
The abundances of lithium, beryllium, and boron (Z = 3, 4, and 5, re-
spectively) are especially low.

— In general, elements with even values of Z have considerably higher abun-
dances than elements with odd values of Z. This is a consequence of the
importance of a-chain reactions, in the production of the heavier elements
during the late stages of stellar evolution.

— There is a very prominent abundance peak at iron (Z = 26) in the higher
Z-range. This is a consequence of nuclear stability. *®Fe has the highest
binding energy per nucleon of any nucleus. Fusion reactions that pro-
duce lower Z elements are exothermic, while above iron, fusion reactions
become endothermic.

Given these considerations, the most significant K-shell complexes in cosmic
X-ray spectra are due to C, N, O, Ne, Mg, Si, S, Ar, Ca, Fe, and Ni, while the
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Fig. 12. A plot of the standard cosmic abundance of the elements as a function of
atomic number Z (figure courtesy of Masao Sako)

most significant L-shell complexes are associated with Si, S, Ar, Ca, Fe, and
Ni. It is one of the major strengths of cosmic X-ray spectroscopy that such a
wide range of elements and charge states is measured in a single wavelength
band.

6.1 Lyman Series Transitions in H-like Ions

At the characteristic temperatures of X-ray emitting plasmas, the low-Z abun-
dant elements are often found in their H-like charge states. The most promi-
nent emission lines are the Lyman series transitions:

Ly ai: 1s-2p 2P3/2; Ly as: 1s-2p 2P1/2;
Ly f1: 1s-3p 2Py o3 Ly [2: 15-3p 2Py o;
Ly y1: 1s-4p *Ps/o; Ly 7ya: 1s-4p *Py /o

The ratio of the line intensities for the two transitions in each case is given
roughly by the degeneracy factors, e.g.:

2(3/2+1)
Ly ai/Ly as ~ ODESIS

Recall that the splitting is:
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so these are barely resolvable, especially at low Z.

These lines are usually quite bright, and are therefore good for abundance
and velocity determinations. Examples are shown in Fig. 13, which displays
the XMM-Newton reflection grating spectrum of the supernova remnant SNR,
1E0102-72.3 in the Small Magellanic Cloud [12]. This young core collapse
remnant is an oxygen-rich Type 1b SNR akin to Cas A [13], so the spectrum is
dominated by lines of elements produced by a-burning reactions. The Lyman
series lines (a through ~) of H-like C, N, Ne, and Mg are clearly visible in
the spectrum, as marked in the figure.

Despite their prominence in astrophysical X-ray spectra, Lyman series
transitions have rather limited utility as density and temperature diagnos-
tics. Lines in this series are all produced through electric dipole transitions,
so the radiative decay rates are high, and the collisional couplings are negli-
gible. In addition, because of the n~2 dependence of the H-like energy levels
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Fig. 13. The XMM-Newton reflection grating spectrum of SNR 1E0102-72.3 from
[12]. For clarity, the spectrum is shown in both linear (top) and logarithmic (bottom)
units. H-like and He-like emission lines from carbon to silicon are present with some
significant emission from Fe L transitions as well
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(261), the upper levels for the different transitions in the series are close in en-
ergy, so the Boltzmann factor in the excitation rates varies only slightly from
transition to transition in the temperature range where the H-like ion is the
dominant species (see Fig. 14). At the very low temperatures characteristic
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Fig. 14. Plots of the ratio of higher series Lyman line intensities to the Lyman
a line intensity as a function of temperature in O VIII, for both coronal plasmas
(top), and photoionized plasmas (bottom)
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of photoionized plasmas, Lyman series lines are formed by radiative cascades
associated with radiative recombination. The line ratios produced by these
processes are somewhat different than those associated with collisional exci-
tation in collisional plasmas. This is apparent from Fig. 14, where it can be
seen that the Ly 0 to Ly « ratio for O VIII is ~0.11 for a coronal plasma,
and ~0.14 for a photoionized plasma. Similar enhancements are found for
the higher series line ratios as well.

6.2 He-like Transitions

He-like K-shell lines are among the most important of all in the soft X-
ray band. Since the He-like charge state is a tight “closed shell”, this is
the dominant ion species over a wide range in temperature, particularly in
coronal plasmas. In addition, as explained below, these lines exhibit strong
sensitivity to electron density, temperature, and ionization conditions in the
emitting plasma.

The most important K-shell He-like transitions are as follows:

W: 182 150 - 152p 1P1
X: 1s% 18y, - 1s2p 3P,
Y: 1s2 1S, — 1s2p 3P
Z: 1s®2 1Sy — 1s2p 38;

W is an electric dipole transition, also called the resonance transition, and
is sometimes designated with the symbol r. X and Y are the so-called in-
tercombination lines. These are usually blended (especially for the lower-Z
elements), and are collectively designated with the symbol i. Z is the forbid-
den line, often designated by the symbol f. It is a relativistic magnetic dipole
transition, with a very low radiative decay rate.

The temperature sensitivity of these lines arises as follows [14-16]: Since
W is an electric dipole transition, the collision strength for collisional excita-
tion of this line includes important contributions from higher order terms in
the partial wave expansion, and thus continues to increase with energy above
threshold. By contrast, X and Z are electric dipole forbidden. The dominant
term in the excitation collision strength for these transitions involves elec-
tron exchange. Therefore, their excitation collision strengths drop off strongly
with energy above threshold, whereas Y remains relatively constant. As a re-
sult, the line ratio: G = (X +Y + Z)/W is a decreasing function of electron
temperature.

The density sensitivity comes from the fact that the 2S; level can be
collisionally excited to the 3P levels. At high electron density, that process
successfully competes with radiative decay of the forbidden line. Therefore,
the ratio R = Z/(X +Y) drops off above a critical density, n.. The critical
density depends strongly on Z. For C V, n. ~ 10° em™3, while for Si XIII,
ne ~ 1013 cm 3.
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However, the R-ratio can also be affected by the presence of a significant
ultraviolet radiation field [14]. In particular, the S level can be photoexcited
to the 3P levels, prior to radiative decay, if there is sufficient ultraviolet
intensity at the energy of the relevant transitions. That leads to suppression of
the forbidden line and enhancement of the intercombination lines, mimicking
the effects of high electron density.

These dependences are illustrated in Figs. 16 and 15, which shows the He-
like spectra of oxygen, nitrogen, and carbon for two stellar coronal sources,
Procyon and Capella, as measured with the Chandra low energy transmis-
sion grating spectrometer [17]. The corona of Procyon is cooler than that of
Capella. As can be seen, the resonance lines are consequently less intense for
Procyon, in comparison to both the intercombination and forbidden lines.
Note that the forbidden line of carbon is also comparatively suppressed for
Procyon in relation to the intercombination line. While this looks like a den-
sity effect, it is actually due to the ultraviolet radiation field from this star.
Procyon is an F star, with a relatively high UV flux.

In photoionized plasmas, the excited levels for He-like ions are fed directly
by recombination and also by radiative cascades following recombination onto
higher levels. The forbidden line is most intense, since most of the cascades
from high-n, high-l (high-J) levels land on the lowest lying 1s2s(J = 1) level,
which produces the forbidden line. This is illustrated in Fig. 17, and can also
be seen in the spectrum of NGC 1068 shown in Fig. 10 for both the He-like
oxygen lines near 22 A, and the He-like nitrogen lines near 29 A.

6.3 Iron L-Shell Transitions

Since iron is the most abundant high-Z element, its L-shell spectrum plays
a crucial role in astrophysical X-ray spectroscopy. As a result of their higher
ionization potentials, the iron L-shell ions contribute significant line emission
even when the lower-Z elements are full stripped. For collisionally ionized
plasmas, this complex samples a wide range in temperature (0.2-2keV). In
addition, the L-shell spectrum is very “rich”, and there is significant diag-
nostic sensitivity.
The brightest iron L-shell lines are of the form:

2522p* — 25%2pF13d
2522pF — 2522pF 135
2522pk - 252pk3p

The 2p — 3d lines generally have the highest oscillator strength. The line
positions are a strong function of charge state. Thus, the ionization struc-
ture is easily discernible, which provides a simple, abundance-independent
constraint on the temperature distribution.
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Fig. 15. He-like complexes for O, N, and C from the coronal star Procyon, as
measured with the Chandra low energy transmission grating spectrometer (From
(17])
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Fig. 17. Calculated He-like emission line spectra of oxygen, magnesium, and silicon
for photoionization equilibrium top and coronal equilibrium bottom plasmas. Note
the prominence of the forbidden lines in the case of the photoionized plasmas (figure
courtesy of Masao Sako)

This is illustrated in Fig. 18, which shows the iron L spectrum of Capella,
as observed with the Chandra high energy transmission grating spectrometer.
Plotted below the measured data are the calculated contributions from each
of the individual charge states, ranging from Na-like iron (Fe XVI) to Be-like
iron (Fe XXII). Note the relatively clean separation between the L-shell com-
plexes from each of these ions, allowing for relatively easy decomposition of
the spectrum, even with only moderate resolution. The density sensitivity of
the iron L complex arises from the fact that the intermediate iron L charge
states (e.g. N-like and C-like) possess a number of low lying metastable lev-
els associated with n = 2 — n’ = 2 excitations. These can be populated
collisionally, leading to new “seed” states for 2 — 3 excitations, followed by
3 — 2 radiative decays. Such density diagnostics turn on at electron densities
~10* ecm~3.

6.4 The Iron K-Shell Complex

The iron K complex is relatively isolated in the spectrum at energies ~6 —
7keV, where even non-dispersive detectors have moderate spectral resolution.
Thus, iron K lines were the first discrete atomic features unambiguously
detected for cosmic X-ray sources.

An important contributor to iron K emission, especially for accretion-
powered sources, is due to fluorescence from cold material in the vicinity of
a bright X-ray continuum. Fluorescence involves a radiative decay follow-
ing inner shell photoionization, i.e. a transition of the form 1522s22p*~1nl —
152522pFnl. The excited level, in this case, can also decay via autoionization
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Fig. 18. The spectrum of Capella obtained with Chandra high energy transmis-
sion grating spectrum, compared with a calculated spectrum showing the separate
contributions of each of the iron L charge states (From [19])

by ejecting one of the outer electrons in the valence shell. This latter process
dominates for low-Z elements. However, since radiative decay rates scale
like Z*, and autoionization decay rates scale like Z°, the fluorescence yield
becomes appreciable for a high-Z element like iron. The near-neutral iron K
fluorescence line falls at 6.4 keV, easily distinguishable from the He-like lines
near 6.7keV, and the Lyman « line at 7.1keV.

The iron K complex also exhibits new features due to the relative im-
portance of dielectronic recombination. DR leads to Li-like “satellites” to
He-like K-lines: 1s2pnl — 1s2nl. These satellites are shifted down in energy.
Higher n implies a smaller shift, and is associated with a higher energy of
the recombining electron. Therefore, the satellite spectrum is temperature
sensitive (cf. [20]).

At astrophysical densities, all atoms are in the ground state. Most of
the satellite lines cannot be produced by collisional excitation of Li-like iron
(e.g. 1s2p® — 1522p). They come purely from DR on He-like atoms. How-
ever, other lines terminate in the ground configuration of the Li-like ion (e.g.
15252p — 1522s). These can be produced by both collisional excitation of Li-
like atoms, and DR on He-like atoms. Hence, the line ratios for these various
transitions provide an independent measure of the charge balance. Analysis
of the Fe K He-like spectrum thus provides independent constraints on the
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electron temperature and the level of ionization, and is ideal for investigating
departures from ionization equilibrium.

7 Concluding Remarks

As a field, astrophysical X-ray spectroscopy is still in its infancy. While the
grating spectrometers on Chandra and XMM-Newton have already showered
us with fascinating results on a wide variety of diverse sources, most of the
data have not been completely reduced, and many sources bright enough to
provide reasonable spectra have still not yet been observed. A much larger
population of interesting sources are too faint for these instruments, but
should be amenable for study with the more sensitive experiments planned
for future missions such as Constellation-X and XEUS.

The complete analysis of all of these observations will require a greater
level of spectroscopic sophistication than most X-ray astronomers are accus-
tomed to. In the past, we have had the luxury of fitting relatively simple
“canned” spectral models to low resolution, low statistics data. As the qual-
ity of our spectra improves, these more familiar techniques no longer suffice.
Some would prefer to ignore the complications, and continue to work only on
the faintest sources where the paucity of photons precludes worrying about
spectral details. I have even heard some argue that we should not attempt to
build higher resolution spectroscopic instruments, because the data they will
acquire will be too difficult to interpret. I find this view to be very unscientific.
We will always benefit by better instruments and better data.

In these lectures, I have tried to provide a synopsis of the kinds of issues
X-ray astronomers must consider in analyzing their spectroscopic data. But
this is by no means a “user manual”. There are no simple codes that will take
proper account of all relevant processes, and provide a neat set of “results” at
the push of a button. We will all have to continue to learn as we go along. The
first data sets we have obtained have already pointed to holes in our existing
atomic databases, and in our understanding of particular excitation processes.
To make progress, we must complement our data analysis activities with
direct involvement in laboratory astrophysics experimentation, and atomic
calculation. Astronomers must become spectroscopists, and spectroscopists
must become astronomers. This is how real progress will emerge.
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